RESONANCE PROJECTORS AND ASYMPTOTICS 
FOR r-NORMALLY HYPERBOLIC TRAPPED SETS 



SEMYON DYATLOV 

Abstract. We prove an asymptotic formula for the number of scattering resonances 
in a strip near the real axis when the trapped set is r-normally hyperbolic with r 
large and a pinching condition on the normal expansion rates holds. Our dynamical 
assumptions are stable under smooth perturbations and motivated by the setting of 
black holes. The key tool is a Fourier integral operator which microlocally projects 
onto the resonant states in the strip. In addition to Weyl law, this operator provides 
new information about microlocal concentration of resonant states. 

For a semiclassical Schrodinger operator h 2 A g + V(x), V G C°°(X; M), on a compact 
Riemannian manifold (X,g) the Weyl law (see for example [DiSj, Theorem 10.1]) 
provides an asymptotic for the number of eigenvalues Xj(h) as h — > 0: 

#(A 3 -(>0 e [a,,,*!]) = (2nh)- n (Vo\ a (p v 1 ([a ,a 1 ])) + O(h)). (1.1) 

Here n is the dimension of X, pv(%,£) = \£\g + V(x) is the (semiclassical) principal 
symbol of our Schrodinger operator, defined on the cotangent bundle T*X, and VoLj 
is the symplectic volume on T*X. 

A natural generalization of eigenvalues to noncompact manifolds are resonances, 
the poles of the meromorphic continuation of the resolvent to the lower half-plane 
{Imw < 0} C C, see (1.3) and §§4.3, 4.4. However, there are very few results giving 
Weyl asymptotics of resonances in the style of (1.1). The first one is probably due to 
Regge [Rc], with some of the following results including [Zw87, SjVo, SjZw99, Sjll, 
FaTsl] - see the discussion of related work below. 

This paper provides a new Weyl asymptotic formula for resonances, under the as- 
sumption that the trapped set is r-normally hyperbolic and expansion rates satisfy a 
pinching condition - see Theorems 1 and 2. These dynamical assumptions are mo- 
tivated by the study of black holes, see [KoSc]; this continues the previous work of 
the author [Dylla, Dyllb, Dyl2], and the application to stationary perturbations of 
Kerr-de Sitter black holes will be given in [Dyl3]. See also [GSWW] for applications 
of normally hyperbolic trapping to molecular dynamics. Because the imaginary part 
of a resonance can be interpreted as the exponential decay rate of the corresponding 
linear wave, we study long-living resonances, i.e. those in strips of size Ch around 
the real axis. More precisely, we establish an asymptotic formula for the number of 
resonances in a band located between two resonance free strips. 
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Setup. To illustrate the results, we consider here the setting of semiclassical Schrodinger 
operators on X = IR n , studied in detail in §4.3: 

P v := h 2 A + V{x), VeC^{R n ;R). (1.2) 

Here A = — d 2 j is the Euclidean Laplacian. The results apply under the more 
general assumptions of §§4.1 and 5.1, in particular in the setting of even asymptotically 
hyperbolic manifolds - see §4.4 and Appendix A. Resonances are the poles of the 
meromorphic continuation of the resolvent 

R v (u) = (P v - u 2 )- 1 ■ L 2 (R n ) ->• H 2 (R n ), Imw > 0, (1.3) 

across the ray (0, oo) c C, as a family of operators L 2 omp (R n ) — > H 2 oc (R n ). For the 
proofs, it is convenient to consider a different operator with the same set of poles 

K{u) = V{u)- 1 : U 2 U u (1.4) 

where "Hi = H 2 (R n ) is a semiclassical Sobolev space, % 2 = L 2 (R n ), and V(u) : "Hi — > 
7^2 is constructed from Py using the method of complex scaling (see §4.3). 

To formulate dynamical assumptions, let pv(x, £) = |£| 2 + V(x), fix energy intervals 
[ofo, cki] (s [Po,Pi] C (0, oo), put p = y/p~y on Pv'([Pq>Pi\) ( see (4-4) for the general 
case) and define the incoming/outgoing tails T± and the trapped set K as 

r± := {p e PvWfil | exp(t^ p )(p) -f* oo as t -> Too}, K:=T + nT_. 

Here exp(tH p ) denotes the Hamiltonian flow of p. We assume that (see §5.1 for details) 
T-i- are sufficiently smooth codimension one submanifolds intersecting transversely at 
K, which is symplectic, and the flow is r-normally hyperbolic for large r in the sense 
that the minimal expansion rate i/ m i n of the flow exp(tH p ) in the directions transverse 
to K is much greater than the maximal expansion rate /i max along K - see (5.1), (5.3), 
(5.4). These assumptions are stable under small smooth perturbations of the symbol 
p, using the results of [HiPuSh] - see §5.2. 

Distribution of resonances. Let z/ max be the maximal expansion rate of the flow 
exp(tHp) in the directions transverse to the trapped set, see (5.2). The following 
theorem provides a resonance free region with a polynomial resolvent bound: 

Theorem 1. Let the assumptions o/§§^.l and 5.1 hold and fix e > 0. Then for 

Reui e [ao,ai], Imu E [-(u min - e)h,0]\l(-(u max + e)h,-(u min - e)h), (1.5) 
co is not a resonance and we have the bound 1 

\\n(cu)\\ n2 ^ ni <Ch- 2 . (1.6) 

1 The estimate (1.6) implies, in the case (1.2), cutoff resolvent bounds \\xRv(w)x\\L 2 ^Hf — 0(h~ 2 ) 
for any fixed \ G C£°(M"). 
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Figure 1. (a) An illustration of Theorem 2, with (1.8) counting res- 
onances in the outlined box. The unshaded regions above and below 
the box are the resonance-free regions of Theorem 1. (b) The canonical 
relation A°, with the flow lines of V± dashed. 



In particular, we get a resonance free strip {Imcu > — " mi ^ e h}, recovering in our sit- 
uation the results of [GeSj87, WuZwll, NoZwl3] - see below for a detailed discussion. 

Under the pinching condition 

^max ^ 2z/ m j n , (1.7) 

we get a second resonance free strip {Imw G [— (v m m — s)h, — (f max + e)h/2]}. We can 
then count the resonances in the band between the two strips, see Figure 1(a): 

Theorem 2. Let the assumptions o/ § § ^ . i and 5.1 and the condition (1.7) hold. Fix 
e > such that z/ max + e < 2(z/ min — e). Then, with Res denoting the set of resonances 
counted with multiplicities (see (4.3) ^ 

#(Resn{Rew e [a^aj, Imw e ^[-(v max + e)h, -(v min - e)h)}) 

= (27r/ i ) 1 -"(Vol CT (Knp- 1 (K,a / 1 ])) + o(l)), (1 ' 8) 

as h — > 0, for every [a' Q , a[] C (a , a\) such that p _1 (a^) R K has zero measure in K . 
Here Vol CT denotes the symplectic volume on K, defined by dYol^ = o~ r !f l /{n — 1)!. 

A band structure similar to the one exhibited in Theorems 1 and 2, with Weyl laws 
in each band, has been obtained in [FaTsl] for a related setting of Anosov diffeomor- 
phisms, see the discussion below. 

The resonance projector. The key tool in proving Theorems 1 and 2 is a microlocal 
projector IT corresponding to resonances in the band (1.8). We construct it as a Fourier 
integral operator (see §3.2), associated to the canonical relation A° C T*X x T*X 
defined as follows. Let V± c TT± be the symplectic complements of TT± in Tr ± (T*X). 
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For some neighborhoods T±,K° of K D p 1 ([« ?«i]) in T±,K, respectively, we can 
define the projections 7r± : T± — > K° along the flow lines of V± - see §5.4. We define 
(see also [BFRZ]) 

A° := {(p_,p + ) E ri x r; | vr_(p_) = vr + (p + )}. (1.9) 

Then A° is a canonical relation, see §5.4; it is pictured on Figure 1(b). 

We now construct an operator II with the following properties (see Theorem 3 in §7.1 
for details, including a uniqueness statement): 

(1) IT is a compactly supported Fourier integral operator associated to A°; 

(2) II 2 = IT + 0(h°°) microlocally near K n p -1 ([ar , «i]); 

(3) [P,n] = 0(h°°) microlocally near K np _1 ([a 0l an]). 

Here P is a pseudodifferential operator equal to \fP~v microlocally in py ([fig, (3f}) 
(see Lemma 4.3 for the general case). Conditions (2) and (3) mimic idempotency and 
commutation properties of spectral projectors of self-adjoint operators. 

The operator II is constructed iteratively, solving a degenerate transport equation on 
each step, with regularity of resulting functions guaranteed by r-normal hyperbolicity. 
The obtained operator provides a rich microlocal structure, which makes it possible 
to locally relate our situation to the Taylor expansion, ultimately proving Theorems 1 
and 2. See §2.1 for a more detailed explanation of the ideas behind the proofs. 

Related work. A particular consequence of Theorem 1 is a resonance free strip 
{Imu; > — Urni ^ £ h}. For normally hyperbolic trapped sets, such strips (also called spec- 
tral gaps) have been obtained by Gerard- Sjostrand [GeSj88] for operators with analytic 
coefficients and possibly non-smooth r±; Wunsch-Zworski [WuZwll] for sufficiently 
smooth r_|-, without specifying the size of the gap; and Dolgopyat [Do], Liverani [Li], 
and Tsujii [Ts] for contact Anosov flows. The recent preprint of Nonnenmacher and 
Zworski [NoZwl3] gives a gap of optimal size for a variety of normally hyperbolic 
trapped sets with very weak assumptions on the regularity of r±; in our special case, 
the gap of [NoZwl3] coincides with the one given by Theorem 1. For a related, yet 
quite different, case of hyperbolic trapped sets (where the flow is hyperbolic in all di- 
rections, but no assumptions are made on the regularity of T± and K), such gaps are 
known under a pressure condition, see [NoZw09] and the references given there. 

Upper bounds for the number of resonances in strips near the real axis have been 
proved in different situations, both for normally hyperbolic and for hyperbolic trapping, 
by Sjostrand [Sj90], Guillope-Lin-Zworski [GuLiZw], Sjostrand-Zworski [SjZw07], Non- 
nenmacher- Sjostrand-Zworski [NoSjZwl, NoSjZw2], Faure-Sjostrand [FaSj], Datchev- 
Dyatlov [DaDy], and Datchev-Dyatlov-Zworski [DaDyZw]; see [NoSjZw2] or [DaDy] 
for a more detailed overview. The optimal known bounds follow the fractal Weyl law, 

#(Resn{Rew e [a ,ai], |Imw| < C h}) < Ch' 1 ' 6 ''. (1.10) 
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Here Co is any fixed number and 25 + 2 is bigger than the upper Minkowski dimension 
of the trapped set K (inside T*X), or equal to it if K is of pure dimension. In our 
case, dimK = 2n — 2, therefore the Weyl law (1.8) saturates the bound (1.10). 

Much less is known about lower bounds for hyperbolic or normally hyperbolic 
trapped sets - some special completely integrable cases were studied in particular 
by Gerard- Sjostrand [GeSj87], Sa Barreto-Zworski [SaZw], and the author [Dyl2], a 
lower bound with a smaller power of hr x than (1.10) for certain hyperbolic surfaces 
was proved by Jakobson-Naud [JaNa], and Weyl laws have been established in some 
situations in [SjZw99, SjVo, FaTsl, FaTs2, FaTs3] - see below. It has been conjec- 
tured [No, Definition 6.1] that for Cq large enough, a lower bound matching (1.10) 
holds, but no such bound for non-integer S has been proved so far. 

There also exists a Weyl asymptotic for surfaces with cusps, see Miiller [Mii]; in this 
case, the infinite ends of the manifold are so narrow that almost all trajectories are 
trapped, and the Weyl law in strips coincides with the Weyl law in disks, with a power 
h~ n . Other Weyl asymptotics in large regions in the complex plane have been obtained 
by Zworski [Zw87] for one-dimensional potential scattering and by Sjostrand [Sjll] for 
Schrodinger operators with randomly perturbed potentials. 

Finally, some situations where resonances form several bands of different depth were 
studied in [SjZw99, StVo, SjVo, FaTsl, FaTs2, FaTs3]. Sjostrand-Zworski [SjZw99] 
showed existence of cubic bands of resonances for strictly convex obstacles, under 
a pinching condition on the curvature, with a Weyl law in each band. Stefanov- 
Vodev [StVo] studied the elasticity problem outside of a convex obstacle with Neumann 
boundary condition and showed existence of resonances 0((Reu;) _O0 ) close to the real 
line and a gap below this set of resonances; a Weyl law for resonances close to the real 
line was proved by Sjostrand- Vodev [SjVo]. A case bearing some similarities to the one 
considered here, namely contact Anosov diffeomorphisms, has been studied by Faure- 
Tsujii [FaTsl]; their upcoming work [FaTs2, FaTs3] will handle contact Anosov flows - 
the latter can be put in the framework of §4.1 using the work of Faure-Sjostrand [FaSj]. 

The results of [FaTsl, FaTs2, FaTs3] for the dynamical setting include, under a 
pinching condition, the band structure of resonances (with the first band analogous 
to the one in Theorem 2) and Weyl asymptotics in each band; the trapped set has 
to be normally hyperbolic, symplectic, and smooth, however the manifolds T± need 
only have Holder regularity, and no assumption of r-normal hyperbolicity is made. 
These considerably weaker assumptions on regularity are crucial for Anosov flows and 
maps, as one cannot even expect F± to be C 2 in most cases. The lower regularity is 
in part handled by conjugating V(u) by the exponential of an escape function, similar 
to the one in [DaDyZw, Lemma 4.2] - this reduces the analysis to an 0{h 1 ^ 2 ) sized 
neighborhood of the trapped set. It then suffices to construct only the principal part 
of the projector n to first order on the trapped set; such projector is uniquely defined 
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locally on K (by putting the principal symbol to be equal to 1 on K), without the need 
for the global construction of §7.1 or the transport equation (2.2). The present paper 
however was motivated by resonance expansions on perturbations of slowly rotating 
black holes, where the more restrictive r-normal hyperbolicity assumption is satisfied 
and it is important to have an operator II defined to all orders in h and away, as well 
as on, the trapped set. Another advantage of such a global operator is the study of 
resonant states, see §8.5. 

2. Outline of the paper 

In this section, we explain informally the ideas behind the construction of the pro- 
jector II and the proofs of Theorems 1 and 2, list some directions in which the results 
could possibly be improved, and describe the structure of the paper. 

2.1. Ideas of the proofs and concentration of resonant states. 
Construction of II. An important tool is the model case (see §6.1) 

x = R n , r°={x n = o}, r°={£„ = o}, n°/(x / ,x n ) = /(x , ,o). (2.1) 

Any operator satisfying properties (1) and (2) of II listed in the introduction can be 
microlocally conjugated to IT (see Proposition 6.3 and part 2 of Proposition 6.9). 
However, there is no canonical way of doing this, and to construct II globally, we need 
to use property (3), which eventually reduces to solving the transport equation on r± 

H p a = f, a\ K = 0, (2.2) 

where / is a given smooth function on T± with f\x = 0. The solution to (2.2) 
exists and is unique for any normally hyperbolic trapped set, by representing a(p) 
as an exponentially converging integral of / over the forward (r_) or backward (r+) 
flow line of H p starting at p. However, to know that a lies in C r we need r-normal 
hyperbolicity (see Lemma 5.2). This explains why r-normal hyperbolicity, and not just 
normal hyperbolicity, is needed to construct the operator n. 

Proof of Theorem 1. The proof in §8 is based on positive commutator arguments, 
with additional microlocal structure coming from the projector n and the annihilating 
operators 0± discussed below. However, here we present a more intuitive (but harder 
to make rigorous) argument based on propagation by 

U(t) = e- ltp/h , 

which is a Fourier integral operator quantizing the Hamiltonian flow e tHp (see Propo- 
sition 3.1). Note that we use not the original operator V(u), but the operator P 
constructed in Lemma 4.3, equal to y/Py for the case (1.2); this means that U(t) is the 
wave, rather than the Schrodinger, propagator. We will only care about the behavior 
of U (t) near the trapped set; for this purpose, we introduce a pseudodifferential cutoff 
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X microlocalized in a neighborhood of K. For a family of functions / = f(h) whose 
semiclassical wavefront set (as discussed in §3.1) is contained in a small neighborhood 
of K R p~ 1 ([ao, Oil]), Theorem 1 follows from the following two estimates (a rigorous 
analog of (2.3) is Proposition 8.1, and of (2.4), Proposition 8.2): for t > 0, 

\\XU(t)(l - U)f\\ L2 < (Ch-'e-^-^ + 0(h°°))\\f\\v, (2.3) 

(2 4) 

< Ce~ < ^ misl ^ 2 ^\\XYif\\i i 2 + 0(/?, 00 ) H/11^2. 

The estimates (2.3) and (2.4) are of independent value, as they give information about 
the long time behavior of solutions to the wave equation, resembling resonance ex- 
pansions of linear waves; an application to black holes will be given in [Dyl3]. Note 
however that these estimates are nontrivial only when t = 0(log(l//i)), because of the 
0(h°°) error term. 

The resonance free region (1.5) of Theorem 1 is derived from here as follows. Assume 
that u is a resonance in (1.5). Then there exists a resonant state, namely a function 
u E Hi such that V(uj)u = and \\u^% l ~ 1. We formally have U(t)u = e~ ltu / h u. 
Also, u is microlocalized on the outgoing tail r + , which is propagated by the flow e tHp 
towards infinity; this means that if / := X x u for a suitably chosen pseudodifferential 
cutoff X u then Uu = Uf + 0{h°°) and for t > 0, 

U(t)f = e - itu/h f + 0(h°°) microlocally near WF h (X). 

Since II commutes with P modulo 0(h°°), it also commutes with U(t), which gives 

XU(t)(l - U)f = e - Uuj/h X(l - U)f + 0(h°°), 
XU{t)Uf = e- ituj/h XUf + 0{h°°). 

Since Imw > — (z/ min — e)h, we take t = Nlog(l/h) for arbitrarily large constant 
in (2.3) to get \\X(l-U)f\\ L 2 = 0{h°°). Since Imw £ (-(v mBX +e) h/2, -{v min -e) h/2), 
by (2.4) we get H^n/H^ = 0{h°°). Together, they give ||Ar/||ia = 0(h°°), implying 
by standard outgoing estimates (see Lemma 4.6) that HuH^ = Oih 00 ), a contradiction. 

We now give an intuitive explanation for (2.3) and (2.4). We start by considering the 
model case (2.1), with the pseudodifferential cutoff X replaced by the multiplication 
operator by some \ G C^(lR n ). For the operator P, we consider the model (somewhat 
inappropriate since the actual Hamiltonian vector field H p is typically nonvanishing on 
K, contrary to the model case, but reflecting the nature of the flow in the transverse 
directions) P = x n ■ hD Xn — ih/2; here the term —ih/2 makes P symmetric. We then 
have in the model case, p = x n ^ n , e tHp (x, £) = (x', e t x n , e~'£ n ), i/ m i n = z/ max = 1, and 

U(t)f(x',x n ) = e^ 2 f(x',e- t x n ). 
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Then (2.3) (in fact, a better estimate with e~ 3t ^ 2 in place of e~* - see the possible 
improvements subsection below) follows by Taylor expansion at x n = 0. More precisely, 
we use the following form of this expansion: for / G C£°(K n ), 

(1 - IT)/ = x„ • #(x,x n ):= , (2.5) 

and one can show that \\g\\i, 2 — the factor ft, -1 coming from taking one 

nonsemiclassical derivative to obtain g from / (see Lemma 6.12). Then xU(t)(l — 
n )/ = xU(t)x n U(—t)U(t)g, where (by a special case of Egorov's theorem following 
by direct computation) xU(t)x n U(—t) is a multiplication operator by 

X U{t)x n U{-t) = x(x)e- l x n = 0(e-*); (2.6) 

this shows that \\xU(t)(l - U°)f\\ L 2 < Ce^WgW^ < Ch-^WfWgi and (2.3) follows. 

To show (2.4) in the model case, we start with the identity 

\\ x u{t)n f\\ L2 = \\ X tn°f\\ L ,, xt ■= u(-t) x u{t). 

If X G C£ (R n ), then Xt(x) = x( x ', etx n) has shrinking support as t — > oo. To compare 
||x t n /||^2 to ||xn°/|| i 2, we use the following fact: 

hD x U°f = 0. (2.7) 

This implies that for each a(x) G Cg°(M n ), the inner product (all /,]! /) depends 
only on the function b(x') = L a(x', x n ) dx n ; writing ||xn /||| 2 and ||x t n /||| 2 as 
inner products, we get ||x t n°/||^ 2 = e - * ||xn /||| 2 and (2.4) follows. 

The proofs of (2.3) and (2.4) in the general case work as in the model case, once we 
find appropriate replacements for differential operators x n and hD Xn in (2.5) and (2.7). 
It turns out that one needs to take pseudodifferential operators 0± solving, microlocally 
near K fl p _1 ([ao, ai]), 

ne_ = o(h°°), e+n = 0{h°°), (2.8) 

then 0_ is a replacement for x n and 0+, for hD Xn . Note that B± are not unique, in fact 
solutions to (2.8) form one-sided ideals in the algebra of pseudodifferential operators - 
see §§6.4 and 7.2. The principal symbols of 0± are defining functions of r±. 

Concentration of resonant states. As a byproduct of the discussion above, we 
obtain new information about microlocal concentration of resonant states, that is, 
functions u G H,\ such that V(u)u = and 11^(1^ ~ 1. It is well-known (see for exam- 
ple [NoZw09, Theorem 4]) that the wavefront set of u is contained in T + np _1 (Reu;). 
The new information we obtain is that if a; is a resonance in the band given by Theo- 
rem 2 (that is, Imcu > — (^ m i n — e)h), then by (2.3), u = Uu + 0(h°°) microlocally near 
K. Then by (2.8), Q + u = 0(h°°) near K, that is, u solves a pseudodifferential equa- 
tion; note that the Hamiltonian flow lines of the principal symbol of 0+ are transverse 
to the trapped set. This implies in particular that any corresponding semiclassical 
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defect measure is determined uniquely by a measure on the trapped set which is con- 
ditionally invariant under H p , similarly to the damped wave equation. See Theorem 4 
in §8.5 for details. 

Proof of Theorem 2. We start with constructing a well-posed Grushin problem, 
representing resonances as zeroes of a certain Fredholm determinant F(ou). Using 
complex analysis (essentially the argument principle), we reduce counting resonances to 
computing a contour integral of the logarithmic derivative F'(u)/F(u), which, taking 
v_ = — (z/ max +e)/2, u + = — (z/ min — e)/2, is similar to (see §10 for the actual expression) 



for some cutoff function x(oo). The integration is over the region where Theorem 1 
gives polynomial bounds on the resolvent lZ(u), and we can use the methods developed 
for the proof of this theorem to evaluate both integrals, yielding Theorem 2. An 
important additional tool, explaining in particular why the two integrals do not cancel 
each other, is microlocal analysis in the spectral parameter u, or equivalently a study 
of the essential support of the Fourier transform of H1Z(uj) in u - see §§8.4 and 10. 

2.2. Possible improvements. First of all, it would be interesting to see if one could 
construct further bands of resonances, lying below the one in Theorem 2. One expects 
these bands to have the form 



and to have a Weyl law in the k-th band under the pinching condition (k + l/2)z/ max < 
(k + 3/2)z/ m j n . Note that the presence of the second band of resonances improves 
the size of the second resonance free strip in Theorem 1 and gives a weaker pinching 
condition z/ max < 3z/ min for the Weyl law in the first band. The proofs are expected 
to work similarly to the present paper, if one constructs a family of operators n = 
II, III, • • • , rijfc such that II j is h~i times a Fourier integral operator associated to A°, 
UjUk = 0(h°°), and [P,ILj] = 0(h°°) (microlocally near K n P~ l {[oc , a x ])). However, 
the method of §7.1 does not apply directly to construct IT fc for k > 0, since one cannot 
conjugate all IL, to the model case, which is the base of the crucial Proposition 6.9. 

Another direction would be to consider the case when the operator P is quantum 
completely integrable on the trapped set (a notion that needs to be made precise), 
and derive a quantization condition for resonances like the one for the special case 
of black holes [SaZw, Dyl2]. The author also believes that the results of the present 
paper should be adaptable to the situation when T± have codimension higher than 1, 
which makes it possible to revisit the distribution of resonances generated by one closed 
hyperbolic trajectory, studied in [GeSj87]. 




{Imu 6 [—(k + l/2)(iw + e)h, -(k + l/2)(i/ 1 



mm 



e)h]}, keZ, k>0, 
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An interesting special case lying on the intersection of the current work and [FaTsl, 
FaTs2, FaTs3] is given by geodesic flows on compact manifolds of constant negative 
curvature; the corresponding manifolds T± and K are smooth in this situation. While 
r-normal hyperbolicity does not hold (in fact, /i max = z/ min = is mBX ), the rigid algebraic 
structure of hyperbolic quotients suggests that one could still look for the projector 
II as a (smooth) Fourier integral operator - in terms of the construction of §7.1, the 
transport equation (2.2), while not yielding a smooth solution for an arbitrary choice 
of the right-hand side /, will have a smooth solution for the specific functions / arising 
in the construction. 

Finally, a natural question is improving the o(l) remainder in the Weyl law (1.8). 
Obtaining an 0(h s ) remainder for 5 < 1 does not seem to require conceptual changes 
to the microlocal structure of the argument; however, for the 0(h) remainder of 
Hormander [Ho] or the o(h) remainder of Duistermaat-Guillemin [DuGu], one would 
need a finer analysis of the interaction of the operator II with the Schrodinger propaga- 
tor, and more assumptions on the flow on the trapped set might be needed. Moreover, 
the complex analysis argument of §11 does not work in the case of an 0(h) remain- 
der; a reasonable replacement would be to adapt to the considered case the work of 
Sjostrand [SjOO] on the damped wave equation. 

2.3. Structure of the paper. 

• In §3, we review the tools we need from semiclassical analysis. 

• In §4, we present a framework which makes it possible to handle resonances and 
the spatial infinity in an abstract fashion. The assumptions we make are listed 
in §4.1, followed by some useful lemmas (§4.2) and applications to Schrodinger 
operators (§4.3) and even asymptotically hyperbolic manifolds (§4.4). 

• In §5, we study r-normally hyperbolic trapped sets, stating the dynamical 
assumptions (§5.1), discussing their stability under perturbations (§5.2), and 
deriving some corollaries (§§5.3-5.5). 

• In §6, we study in detail Fourier integral operators associated to A°, and in 
particular properties of operators solving II 2 = II + 0(h°°). 

• In §7, we construct the projector II and the annihilating operators 0±. 

• In §8, we prove Theorem 1, establish microlocal estimates on the resolvent, and 
study the microlocal concentration of resonant states (§8.5). 

• In §9, we formulate a well-posed Grushin problem for V(uj), representing reso- 
nances as zeroes of a certain Fredholm determinant. 

• In §10, we prove a trace formula for lZ(u) microlocally on the image of II. 

• In §11, we prove the Weyl asymptotic for resonances (Theorem 2). 

• In Appendix A, we provide an example of an asymptotically hyperbolic mani- 
fold satisfying the dynamical assumptions of §5.1. 
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3. Semiclassical PRELIMINARIES 

In this section, we review semiclassical pseudodifferential operators, wavefront sets, 
and Fourier integral operators; the reader is directed to [Zw, DiSj] for a detailed treat- 
ment and [H6III, H6IV, GrSj] for the closely related microlocal case. 

3.1. Pseudodifferential operators and microlocalization. Let X be a manifold 
without boundary. Following [Zw, §9.3 and 14.2], we consider the symbol classes 
S k (T*X), k G R, consisting of smooth functions a on the cotangent bundle T*X 
satisfying in local coordinates 

sup sup \d%d/*a,{x&h)\ < C a/3K (0 k - m , 

h x£K 

for each multiindices a, (3 and each compact set K C X. The corresponding class of 
semiclassical pseudodifferential operators is denoted ^> k {X). The residual symbol class 
^oog-oo cons i s t s f symbols decaying rapidly in h and £ over compact subsets of X; the 
operators in the corresponding class /i 00 ^ -00 have Schwartz kernels in h 00 C 00 {X x X). 
Operators in \f are bounded, uniformly in h, between the semiclassical Sobolev spaces 
ff^ comp (X) ->■ H^X), see [Zw, (14.2.3)] for the definition of the latter. 

Note that for noncompact X, we impose no restrictions on the behavior of symbols 
as x —t- oo. Accordingly, we cannot control the behavior of operators in ty k (X) near 
spatial infinity; in fact, a priori we only require them to act C^°(X) — > C°°(X) and on 
the spaces of distributions S'(X) — > T>'(X). However, each A G ty k (X) can be written 
as the sum of an /i°°v]> -00 remainder and an operator properly supported uniformly in 
h - see for example [HoIII, Proposition 18.1.22]. Properly supported pseudodifferential 
operators act — > Cq° and C°° — > C°° and therefore can be multiplied with each 
other, giving an algebra structure on the whole modulo h 00 ^^ 00 . 

To study the behavior of symbols near fiber infinity, we use the fiber-radial compact- 
ified cotangent bundle T*X, a manifold with boundary whose interior is diffeomorphic 
to T*X and whose boundary dT* X is diffeomorphic to the cosphere bundle over X - 
see for example [ValO, §2.2]. We will restrict ourselves to the space of classical symbols, 
i.e. those having an asymptotic expansion 

a(x,£;h) ~^2h?aj(x,€), 

with cij G S ,fc ~- ? classical in the sense that (^y~ k aj extends to a smooth function on 
T* X. The principal symbol o~(A) := a® G S k of an operator is defined independently 
of quantization. We say that A G ^ k is elliptic at some (x, £) G T* X if (£)~ k o(A) does 
not vanish at 

Another invariant object associated to A G ty k (X) is its wavefront set WF/ l (A), 
which is a closed subset of T*X; a point (x,C,) G T X does not lie in WF/,(i) if and 
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only if there exists a neighborhood U of (x,£) in T X such that the full symbol of 
A (in any quantization) is in h^S' 00 in this neighborhood. Note that WF h(A) = 
if and only if A = O^h 00 )^-^. We say that A\ = A 2 + 0(h°°) microlocally in some 
U C T*X, if WF h (A -B)nU = Q. 

We denote by ^ com P(X) the space of all operators A G *°(X) such that WF h (A) is 
a compact subset of T*X, in particular not intersecting the fiber infinity dT X. Note 
that # com P(X) C ^ k (X) for all keR. 

Tempered distributions and operators. Let u = u(h) be an /i-dependent family 
of distributions in D'(X). We say that u is /i-tempered (or polynomially bounded), if 
for each \ G C^°(X), there exists N such that Hx^IIh - ^ = 0(h~ N ). The class of h- 
tempered distributions is closed under properly supported pseudodifferential operators. 
For an /i-tempered u, define the wavefront set WF h (u), a closed subset of T X, as 
follows: (x, ()eTI does not lie in WF/,(m) if and only if there exists a neighborhood 
U of (x,£) in T* X such that for each properly supported A e ^/°(X) with WF^(y4) C 
U, we have = 0(h°°) C o°. We have WF ft (u) = if and only if u = e>(/i°°) c -. We 
say that u — v + 0(h°°) microlocally on some U C T X if WF^ji — v)r\U = 0. 

Let X± and X2 be two manifolds. An operator B : Cq°(Xi) — > ViX?) is identified 
with its Schwartz kernel JCb(v, x) G T>'{Xi x X\): 



Here we assume that X\ is equipped with some smooth density dx; later, we will also 
assume that densities on our manifolds are specified when talking about adjoints. 

We say that B is /i-tempered if K,b is, and define the wavefront set of B as 



WF h (B) := {(x,£,y,ri) G T*(X 1 x X 2 ) \ (y, V ,x,-0 G WF h (K B )}. (3.2) 



If B G ty k (X), then the wavefront set of B as an /i-tempered operator is equal to its 
wavefront set as a pseudodifferential operator, under the diagonal embedding T X — > 



3.2. Lagrangian distributions and Fourier integral operators. We now review 
the theory of Lagrangian distributions; for details, the reader is directed to [Zw, Chap- 
ters 10-11], [GuSt90, Chapter 6], or [VuNg, §2.3], and to [H6IV, Chapter 25] or [GrSj, 
Chapters 10-11] for the closely related microlocal setting. Here, we only present the 
relatively simple local part of the theory; geometric constructions of invariant symbols 
will be done by hand when needed, without studying the structure of the bundles 
obtained (see §6.2). For a more complete discussion, see for example [DyGu, §3]. 




(3.1) 



T*(X x X). 
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A semiclassical Lagrangian distribution locally takes the form 

u(x; h) = (2ixh)- m l 2 [ e^ x ' e) a(x, 9; h) d6. (3.3) 

JXxR m 

Here $ is a nondegenerate phase function, i.e. a real-valued function defined on an 
open subset of X x M. m , for some m, such that the differentials d^dg^), . . . ,d(dg m §) 
are linearly independent on the critical set 

C$ := {(x,6) | d e $(x,6) = 0}. 

The amplitude a(x, 6; h) is a classical symbol (that is, having an asymptotic expansion 
in nonnegative integer powers of h as h — > 0) compactly supported inside the domain 
of $. The resulting function u(x; h) is smooth, compactly supported, /i-tempered, and 

WF^m) C {(x,d x $(x,9)) | (x,9) GC$nsuppa}. (3.4) 

We say that $ generates the (immersed, and we shrink the domain of $ to make it 
embedded) Lagrangian submanifold 

A* := {(x,d x $(x,6)) | (x,0)GC $ } ; 

note that WF^(w) C A$. Moreover, if we restrict $ to C$ and pull it back to A$, then 
d& equals the canonical 1-form ^ dx on A$. 

In general, assume that A is an embedded Lagrangian submanifold of T*X which 
is moreover exact in the sense that the canonical form £ dx is exact on A; we fix 
an antiderivative on A, namely a function F such that £ dx — dF on A. (This is 
somewhat similar to the notion of Legendre distributions, see [MeZw, §11].) Then we 
say that a compactly supported /i-tempered family of distributions u is a (compactly 
microlocalized) Lagrangian distribution associated to A, if u can be written as a finite 
sum of expressions (3.3), with phase functions <I>j generating open subsets of A, plus an 
^(^ 00 )cj° remainder, where $j are normalized (by adding a constant) so that the pull- 
back to A of the restriction of $j to C$ . equals F. (Without such normalization, passing 
from one phase function to the other produces a factor for some constant s, which 
does not preserve the class of classical symbols - this is an additional complication of 
the theory compared to the nonsemiclassical case.) Denote by J comp (A) the class of all 
Lagrangian distributions associated to A. For u G J comp (A), we have WF h (u) C A; in 
particular, WF/,(u) does not intersect the fiber infinity dT X. 

If now Xi,X 2 are two manifolds of dimensions n\,ni respectively, and A C T*X\ x 
T*X 2 is an exact canonical relation (with some fixed antiderivative), then an operator 
B : C°°(Xi) — > C^(X 2 ) is called a (compactly microlocalized) Fourier integral oper- 
ator associated to A, if its Schwartz kernel Kb{u-,x) is 

h -(n 1+ n 2 )/4 timeg 

a Lagrangian 

distribution associated to 

{(y,7i,x,-£)eT*{X 1 xX 2 ) | (x, £, y, rj) G A}. 
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We write B G / C om P (A); note that WF h (B) C A. A particular case is when A is the 
graph of a canonical transformation x : U\ — > U 2 , with Uj open subsets in T*Xj. 
Operators associated to canonical transformations (but not general relations!) are 
bounded — > Hj( uniformly in h, for each s, s'. 

Compactly microlocalized Fourier integral operators associated to the identity trans- 
formation are exactly compactly supported pseudodifferential operators in \l/ comp (X). 
Another example of Fourier integral operators is given by Schrodinger propagators, see 
for instance [Zw, Theorem 10. 4] 2 or [DyGu, Proposition 3.8]: 

Proposition 3.1. Assume that P G \I/ comp (X) is compactly supported, WFf,(?) is 
contained in some compact subset V C T*X , and p = o~(P) is real-valued. Then for 
t G M. bounded by any fixed constant, the operator e~ ltp / h : L 2 (X) — > L 2 (X) is the sum 
of the identity and a compactly supported operator microlocalized inVxV. Moreover, 
for each compactly supported A G \l/ comp (X), Ae~ ltp / h and e~ %tp l h A are smooth families 
of Fourier integral operators associated to the Hamiltonian flow e tHp : T*X — > T*X . 

Here we put the antiderivative F for the identity transformation to equal zero, and 
extend it to the antiderivative F t on the graph of e tHp by putting 



for each flow line 7 of H p . The corresponding phase function is produced by a solution 
to the Hamilton-Jacobi equation [Zw, Lemma 10.5]. 

We finally discuss products of Fourier integral operators. Assume that Bj G / C om P (Aj), 
j = 1,2, where Ai C T*X X x T*X 2 and A 2 C T*X 2 x T*X 3 are exact canonical re- 
lations. Assume moreover that Ai, A2 satisfy the following transversality assumption: 
the manifolds Ai x A 2 and T*X Y x A(T*X 2 ) x T*X 3 , where A(T*X 2 ) C T*X 2 x T*X 2 
is the diagonal, intersect transversely inside T*X\ x T*X 2 x T*X 2 x T*X 3 , and their 
intersection projects diffeomorphically onto T*Xi x T*X 3 . Then B 2 Bi G J comp (A 2 oA 1 ), 
where 



and, if Fj is the antiderivative on Aj, then F 1 (p 1 ,p 2 ) + F 2 (p 2 , p 3 ) is the antiderivative 
on A 2 o Ai. See for example [HoIV, Theorem 25.2.3] or [GrSj, Theorem 11.12] for the 
closely related microlocal case, which is adapted directly to the semiclassical situation. 

The transversality condition is always satisfied when at least one of the Aj is the 
graph of a canonical transformation. In particular, one can always multiply a pseu- 
dodifferential operator by a Fourier integral operator, and obtain a Fourier integral 
operator associated to the same canonical relation. 

2 [Zw, Theorem 10.4] is stated for self-adjoint P, rather than operators with real-valued principal 
symbols; however, the proof works similarly in the latter case, with the transport equation acquiring 
an additional zeroth order term due to the subprincipal part of P. 




A 2 o Ai := {( Pl , p 3 ) I 3p 2 G T*X 2 : ( Pl , p 2 ) G A 1; (p 2 , p 3 ) G A 2 } 



(3.5) 
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3.3. Basic estimates. In this section, we review some standard semiclassical esti- 
mates, parametrices, and microlocalization statements. 

Throughout the section, we assume that k,s G R, P, Q G ^ k (X) are properly- 
supported and u, f are /i-tempered distributions on X, in the sense of §3.1. 

We start with the elliptic estimate, see for instance [Dyl2, Proposition 2.2]: 

Proposition 3.2. (Elliptic estimate) Assume that Pu = f . Then: 

1. If A,B G ty°(X) are compactly supported and P,B are elliptic on WFh(A), then 

\\Au\\ H s <C||£/||^- fc + 0(/O- (3-6) 

n h 

2. We have 

WF fe («) C WF h (/) U {(i)- k a{P) = 0}. (3.7) 

Proposition 3.2 is typically proved using the following fact, which is of independent 
interest: 

Proposition 3.3. (Elliptic parametrix) If V C T* X is compact and P is elliptic on 
V , then there exists a compactly supported operator P' G (X) such that PP' = 
l + 0(h°°),P'P = l+0(h°°) microlocally nearV. Moreover, er(P') = ^(Py 1 nearV. 

We next give a version of propagation of singularities which allows for a complex 
absorbing operator Q, see for instance [ValO, §2.3]: 

Proposition 3.4. (Propagation of singularities) Assume that cr(P) is real-valued, 
a{Q) > 0, and (P ± iQ)u = f. Then: 

1. If Ai, A 2 , B G \I/ (X) are compactly supported and for each flow line j(t) of the 
Hamiltonian field ±(^) 1_fc if cr (p) such that 7(0) G YJFh(Ai), there exists t > such 
that A2 is elliptic at j(t) and B is elliptic on the segment j([0,t]), then 

\\A iU \\h! < C\\A 2 u\\m + Ch^WBfW^-^ + 0(h°°). (3.8) 

2. Ifl{t), 0<t<T, is a flow line of ±(Z) 1 - k H a{P) , then 

7 ([O,r|)nWF h (/) = 0, 7 (T)^WF h (n) =^ 7(0) WF h (u). 

For Q = 0, Proposition 3.4 can be viewed as a microlocal version of uniqueness of 
solutions to the Cauchy problem for hyperbolic equations; a corresponding microlocal 
existence fact is given by 

Proposition 3.5. (Hyperbolic parametrix) Assume thata(P) is real-valued, WF/ l (/) C 
T*X is compact, U, V C T*X are compactly contained open sets, and for each flow 
line j(t) of the Hamiltonian field #<r(p) such that 7(0) G WF^(/) ; there exists t G R 
such that j(t) G U and 7(5) G V for all s between and t. 
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Then there exists an h-tempered family v(h) G C^°(X) such that WF^(«) C V and 
\\v\\v < Ch^WfWv, \\Pv\\ L2 < C\\f\\ L 2, WF h (Pv - f) c U. 

Proof. By applying a microlocal partition of unity to /, we may assume that there 
exists T > (the case T < is considered similarly and the case T = is trivial by 
putting v = 0) such that for each flow line j(t) of H a ^ such that 7(0) G WF/ l (/), we 
have 7(T) G U and 7QO, T}) G V. Take s G (0,T) such that 7([T-e, T]) C C/ for each 
such 7. Since V is compactly contained in T*X, we may assume that P is compactly 
supported and P G v I /Comp (X). We then take x £ Co°( — 00, T) such that x — 1 near 
[0, T — e] and put 

T X (t)e- itP/h fdt. 

Then ||t> || £ 2 < C/i -1 ||/||l 2 and WF/ l (t>) C V by Proposition 3.1. Integrating by parts, 
we compute 

Pv = - [ \{t)d t e- itp ' h fdt = f+ f{d tX {t))e- itp l h fdt- 
Jo Jo 

therefore, \\Pv\\ L 2 < C\\f\\& and by Proposition 3.1, WF h (Pv - f) <zU. □ 

We also need the following version of the sharp Garding inequality, see [Zw, Theo- 
rem 4.32] or [Dylla, Proposition 5.2]: 

Proposition 3.6. (Sharp Garding inequality) Assume that A G \l/ comp (X) is compactly 
supported and Re cr(A) > nearWF/,(«). Assume also that B G \[/ comp (X) is compactly 
supported and elliptic on WF^(A) nWF/,(«). Then 

Re(Au,u) > -Ch\\Bu\\ 2 L2 - 0{h°°). 

4. Abstract framework near infinity 

In this section, we provide an abstract microlocal framework for studying resonances; 
the general assumptions are listed in §4.1. Rather than considering resonances as poles 
of the meromoprhic continuation of the cutoff resolvent, we define them as solutions 
of a nonselfadjoint eigenvalue problem featuring a holomorphic family of Fredholm 
operators, V(u). We assume that the dependence of the principal symbol of V(cu) 
on u can be resolved in a convex neighborhood U of the trapped set, yielding the 
Co>-independent symbol p (and the operator P later in Lemma 4.3). Finally, we require 
the existence of a semiclassically outgoing parametrix for V(cj), resolving it modulo 
an operator microlocalized near the trapped set. 

In §4.2, we derive several useful corollaries of our assumptions, making it possible 
to treat spatial infinity as a black box in the following sections. Finally, in §§4.3 and 
4.4, we provide two examples of situations when the assumptions of §4.1 (but not 
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necessarily the dynamical assumptions of §5.1) are satisfied: Schrodinger operators on 
IR n , studied using complex scaling, and Laplacians on even asymptotically hyperbolic 
manifolds, handled using [ValO, Vail]. 

4.1. General assumptions. Assume that: 

(1) X is a smooth n-dimensional manifold without boundary, possibly noncompact, 
with a prescribed volume form; 

(2) V(cu) G ^ k (X) is a family of properly supported semiclassical pseudodifferential 
operators depending holomorphically on u lying in an open simply connected 
set fl C C such that M. fl Q is connected, with principal symbol p(x,£, cu); 

(3) T-Li,V,2 are /i-dependent Hilbert spaces such that H^ comp (X) C Hj C H^ oc (X) 
for some N, with norms of embeddings 0(h~ N ), and V(u) is bounded Hi — > I-L2 
with norm 0(1); 

(4) for some fixed [ao, cti] C K fl Q and Co > 0, the operator V{oj) : Hi — > H2 is 
Fredholm of index zero in the region 

Reu 6 [«o,«i], I Ima;| < CqH. (4.1) 

Together with invertibility of V(u) in a subregion of (4.1) proved in Theorem 1, by 
Analytic Fredholm Theory [Zw, Theorem D.4] our assumptions imply that 

K(u) := Vico)- 1 :H 2 ^H 1 (4.2) 

is a meromorphic family of operators with poles of finite rank for uj satisfying (4.1). 
Resonances are defined as poles of lZ(u). Following [GoSi, Theorem 2.1], we define 
the multiplicity of a resonance ujq as 

-^Tr / V{uj)- l dJ>{u)duj. (4.3) 

Here <f u stands for the integral over a contour enclosing uq, but no other poles of 
1Z{uj). Since 1Z{uj) has poles of finite rank, we see that the integral in (4.3) yields a finite 
dimensional operator on Hi and thus one can take the trace. The fact that the resulting 
multiplicity is a positive integer will follow for example from the representation of 
resonances as zeroes of a Fredholm determinant, in part 1 of Proposition 9.5. See 
also [SjOO, Appendix A]. 

We next fix a 'physical region' U in phase space, where most of our analysis will take 
place, in particular the intersection of the trapped set with the relevant energy shell 
will be contained in U. The region U will be contained in a larger region U', which is 
used to determine when trajectories have escaped from U. (See (4.16) and (4.21) for 
the definitions of 14,14' for the examples we consider.) We assume that: 

(5) W C T*X is open and bounded, and each compactly supported A e v|/ com P(X) 
with WF h (A) C W is bounded L 2 ->■ Hj, Hj ->■ L 2 , j = 1, 2, with norm 0(1); 
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(6) V(u)* = V(u) + 0(h°°) microlocally in W when uelnQ; 

(7) for each (x,£) G W, the equation p(x,^,cj) = 0, u> G fl has unique solution 

u = p(x,0- (4-4) 

Moreover, p(x,£) G K and <9 w p(x, £,p(x, £)) < for (x, £) G 14'] 

(8) W C W is a compactly contained open subset, whose closure U is relatively 
convex with respect to the Hamiltonian flow of p, i.e. if j(t),0 < t < T, is a 
flow line of # p in W and 7(0), 7(T) G U, then 7 ([0, T]) C U; 

Note that for a; G Mnf2, Hamiltonian flow lines of p in W flp _1 (u;) are rescaled Hamil- 
tonian flow lines of p( • ,cu) in {p E 14' \ p(p,u) = 0}. The symbol p is typically the 
square root of the principal symbol of the original Laplacian or Schrodinger operator, 
see (4.17) and (4.22). 

We can now define the incoming/outgoing tails T± C 14 as follows: p ElA lies in r_|- 
if and only if e TtHp (p) stays in U for all t > 0. Define the trapped set as 

K:=T + nT_. (4.5) 

Note that T± and K are closed subsets of U (and thus the sets Y± defined here are 
smaller than the original Y± defined in the introduction), and e tHp {Y±) C Y± for 
=Ft > 0, thus e tHp (K) = K for all t. We assume that, with a 0) ot\ defined in (4.1), 

(9) K fl p _1 ([a 0) «i]) is a nonempty compact subset of U. 

Finally, we assume the existence of a semiclassically outgoing parametrix, which will 
make it possible to reduce our analysis to a neighborhood of the trapped set in §4.2: 

(10) Q G ^f com P(X) is compactly supported, WF h (Q) C U, and the operator 

-Rf(u) := (V(u) - iQ)- 1 : H 2 ->• Hi (4.6) 
satisfies, for w in (4.1), 

<^ _1 ; (4-7) 

(11) for a; in (4.1), TZ'(u) is semiclassically outgoing in the following sense: if (p, p') G 
WF ft (7l'(w)) and p,p' G W, there exists t > such that e tHp (p) = p' and 
e sHp (p) G W for < s < t. (See Figure 2(a) below.) 

4.2. Some consequences of general assumptions. In this section, we derive sev- 
eral corollaries of the assumptions of §4.1, used throughout the rest of the paper. 

Global properties of the flow. We start with two technical lemmas: 

Lemma 4.1. Assume that p G Y±. Then as t — > =Foo ; the distance d(e tHp (p),K) 
converges to zero. 
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Proof. We consider the case p G T_. Put j(t) := e tHp (p), then j(t) G T_ for all t > 0. 
Assume that d{j{t),K) does not converge to zero as t — > +00, then there exists a 
sequence of times tj — > +00 such that 7(tj) does not lie in a fixed neighborhood of K. 
By passing to a subsequence, we may assume that j(tj) converge to some G T-\K. 
Then p^ G" T + ; therefore, there exists T > such that e~ THp {p O0 ) G" W. For j large 
enough, we have j(tj — T) = e~ THp ( y 'j(tj)) G" U and tj > T; this contradicts convexity 
of U (assumption (8)). □ 

Lemma 4.2. Assume that U\ is a neighborhood of K in U. Then there exists a 
neighborhood U2 of K inU such that for each flow line 7(t), < t < T of H p in U, if 
7 (0),7(T)Gf/ 2; ^en 7 ([0,t])cf/ 1 . 

Proof. Assume the contrary, then there exist flow lines 7j(t), < t < Tj, in U, such 
that d(jj(0),K) -» 0, d(-fj(Tj),K) 0, yet 7^) £ U x for some tj G [0,Tj]. Passing 
to a subsequence, we may assume that "fj(tj) — > Poo G U\K. Without loss of generality, 
we assume that p^ G' Y + . Then there exists T > such that e~ THp (poo) G W \ U, 
and thus e~ THp (lj{tj)) G" U for j large enough. Since 7j([0,Tj}) C U, we have ^ < T. 
By passing to a subsequence, we may assume that tj -> i ra e [0>^1- However, then 
7.7(0) — e ~ tooHp (Poo), which implies that e~ to ° Hp (p 00 ) G T+, contradicting the fact that 

Poo i r+. □ 



Resolution of dependence on u. We reduce the operator V(u) microlocally near 
U to an operator of the form P — u, see also [IaSjZw, §4]: 

Lemma 4.3. There exist: 

• a compactly supported P G \]/ comp (X) such that P* = P and cr(P) = p nearlA, 
where p is defined in (4.4), and 

• a family of compactly supported operators S(u) G \l/ comp (X) ; holomorphic in 
u G fi, wit/i <S(w)* = <S(cj) /or uj G IR PI and S(u>) elliptic near U, such that 

V{u) = S{u){P - u)S(u) + 0{h°°) microlocally near U. (4.8) 

Proof. We argue by induction, constructing compactly supported operators Pj, Sj(u) G 
* comp (X), such that P* = Pj, S*(cj) = 5,-(w) foruGlnfi, and V(u) = Sj(cj)(Pj - 
u)Sj(u>) + 0(hi +1 ) microlocally near U. It will remain to take the asymptotic limit. 

For j = 0, it suffices to take any P q ,S (lj) such that cr(P ) = P and a(So(uj))(p) = 
so(p,u) near U, where (with p(-,uj) denoting the principal symbol of V{u)) 

p(p,w) = s (p,uj) 2 (p(p) -u), peW; 

the existence of such sq and the fact that it is real-valued for real u follows from 
assumption (7). 



20 



SEMYON DYATLOV 




(a) 



(b) 



Figure 2. (a) Assumption (11), with the undashed part of the flow 
line of p corresponding to p' G W such that (p, p') G WF ^(72/ (co)) . 
(b) An illustration of Lemma 4.4, with WF/,(/) the shaded set and 
WF/j(w) containing undashed parts of the flow lines. 

Now, given Pj,Sj(u) for some j > 0, we construct Pj+i, Sj+i(u>). We have V(u) = 
Sj(u)(Pj—u)Sj(u)+h j+1 Rj(u) microlocally near U, where Rj(w) G \l/ comp is a holomor- 
phic family of operators and, by assumption (6), Rj(co)* = Rj(cj)+0(h°°) microlocally 
near U when u G Mnfi. We then put P j+1 = Pj+h j+1 A j7 S j+1 (u) = Sj(u) + h j+1 Bj(u), 
where cr(Aj) — pj,a(Bj(u))(p) = Sj(p,u>) near U and 

a(Rj)(p,u) = 2s (p,u)s j (p,u)(p(p) - u) + s (p, u) 2 pj(p), p G W . 

The existence of Sj(p,u),pj(p) and the fact that Pj(p) G R and Sj(p,u) G K for p 
near U and w 6 Iflfi follow from assumption (7). In particular, we put Pj(p) = 



Note that, if u(h) G "Hi, f(h) G 7^2 have norms polynomially bounded in h (and in 
light of assumption (3) are /i-tempered in the sense of §3.1), and V{uS)u = f, then 



where S'(u) G ^/ comp [X) is an elliptic parametrix of S(u) microlocally near U, con- 
structed in Proposition 3.3. 

Microlocalization of lZ(uo). Next, we use the semiclassically outgoing parametrix 
TZ'(u) from (4.6) to derive a key restriction on the wavefront set of functions in the 
image of TZ(u), see Figure 2(b): 

Lemma 4.4. Assume that u(h) G Hi, f(h) G H2 have norms polynomially bounded in 
h, V{oS)u = f for some oj = u(h) satisfying (4.1), and WF/ l (/) C U . Then for each 
p G WFj,(u) nW, if j(t) = e tHp (p) is the corresponding maximally extended flow line 
in W , then either ^(t) G U for all t < or ^(t) G WF/,(/) for some t < 0. 

Proof. By propagation of singularities (Proposition 3.4) applied to (4.9), we see that 
either ^(t) G U for all t < 0, or j(t) G WF;,(/) for some t < 0, or there exists t < 
such that 7(t) G WF/j(tx) D (U'\U); we need to exclude the third case. However, in this 



v(Rj)(p,p(p))/so(p,p(p)) 2 - 



□ 



(P - w)S(w)u = S'(u))f + 0(h°°) microlocally near U, 



(4.9) 
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case by convexity of U (assumption (8)), j(t — s) G" U for all s > 0; by assumption (11), 
and since u = lZ'(u)(f - iQu) with WF h (f - iQu) C U, we see that 7(2) G" WF h (u), 
a contradiction. □ 

It follows from Lemma 4.4 that any resonant state, i.e. a function u such that 
\\u\\ ni ~ 1 and V[uS)u = 0, has to satisfy WF^u) nU C T + . 

The next statement improves on the parametrix TZ'(u), inverting the operator V{oj) 
outside of any given neighborhood of the trapped set. One can see this as a geometric 
control statement (see for instance [BuZw, Theorem 3]). 

Lemma 4.5. Let W C U be a neighborhood of K fl p _1 ([ao, «i]) (which is a com- 
pact subset of U by assumption (9)), and assume that f{h) G Hi has norm bounded 
polynomially in h and each lo = u{h) is in (4.1). Then there exists v(h) G Hi, with 
f — V{oj)v compactly supported in X and 

IMk < Ch- l \\f\\ n2 , \\V(u)v\\ Ha < C\\f\\ n2 , WF h {f - V{u)v) c W. 

Proof. First of all, take compactly supported Q! G ^ comp (X) such that WF h (Q') C U 
and Q' = 1 microlocally near WF/ l (Q) (with Q defined in assumption (10)), and put 

vi := (1 - Q!)n'{u)f. 

Then by (4.7), < Ch^WfW^ and V{u)vi = fi, where 

fi = (1 - Q! - [V(u), Q']K'(uj) + (1 - Q')iQK'(u))f. 

Since (l-Q>)iQ = 0(h°°)^, by (4.7) we find \\fi\\ H2 < C\\f\\ H2 , f - fi is compactly 
supported, and WF/ l (/ — fi) C WFft(Q'). It is now enough to prove our statement for 
/ — fi in place of /; therefore, we may assume that / is compactly supported and 

WF„(/) C WF fc (Q'). 

Since WF/,(Q') is compact, by a microlocal partition of unity we may assume that 
WF h (f) is contained in a small neighborhood of some fixed p G WF h (Q!) C U. We 
now consider three cases: 

Case 1: p G" p _1 ([ao, ai]). Then the operator V(u) is elliptic at p, therefore we may 
assume it is elliptic on WF(,(/). The function v is then obtained by applying to / an 
elliptic parametrix of V{oS) given in Proposition 3.3; we have / — V(u)v = 0(h°°)c°°- 

Case 2: p G T_ fl p _1 ([a , «i])- By Lemma 4.1, there exists t > such that e tHp (p) G 
iy. We may then assume that e'^^WF^/)) C W, and f is then constructed by 
Proposition 3.5, using (4.8); we have WF h (v) C U and WF h (f - V{u)v) C W. 

Case 3: p ^ r_. Then there exists t > such that e tHp (p) eW \U. As in case 2, 
subtracting from v the parametrix of Proposition 3.5, we may assume that / is instead 
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microlocalized in a neighborhood of e tHp (p). Now, put v = TZ'(u>)f, with lZ'(u) defined 
in (4.6); then \\v\\ Hl < Ch^WfU, by (4.7) and 

/ - V(u)v = -iQv. 

However, by assumption (11), and by convexity of U (assumption (8)), we have 
WFft(Q) n WF h (w) = and thus / - V(co)v = 0(h°°)c^. □ 

Finally, we can estimate the norm of u G TL\ by the norm of V[iS)u and the norm of 
u microlocally near the trapped set. This can be viewed as an observability statement 
(see for instance [BuZw, Theorem 2]). 

Lemma 4.6. Let A G \[/ com P(X) be compactly supported and elliptic on i^np _1 ([ao, en])- 
Then we have for any u G H.\ and any u in (4.1), 

IMk < C\\Au\\ L 2 + Ch- x \\V(u)u\\ H2 . (4.10) 

Proof. By rescaling, we may assume that u = u(h) has H^lk = 1 and put / = V(u)u. 
Take a neighborhood W of KDp -1 ([ao, ai]) such that A is elliptic on W. Replacing u by 
u — v, where v is constructed from / in Lemma 4.5, we may assume that WF/,(/) C W. 

Take Q', Q" G ^ com P(X) compactly supported, with WF h (Q") C U, Q" = l+0(h°°) 
microlocally near WF^(Q'), and Q' = 1 + 0(h°°) microlocally near WF^(Q) (with Q 
defined in assumption (10)). Then by the elliptic estimate (Proposition 3.2), 

\\Q'u\\ Hl <C\\Q"u\\ L2 + 0(h°°), (4.11) 

\\[P{u), Q!]u\\ U2 < Ch\\Q"u\\ L 2 + 0(h°°). (4.12) 

Now, 

(1 - Q!)u = n'(u)({l - Q')f - [V(u), Q']u - iQ(l - Q»; 
since iQ(l - Q!) = e>(/i°°)*-°o, we get by (4.7) and (4.12), 

11(1 - Q!)u\\ Hl < C\\Q!'u\\ L * + Ch^WfWu, + 0(h°°); 

by (4.11), it then remains to prove that 

\\Q"u\\ L 2 < C\\Au\\ L2 + Ch- l \\f\\ m + <D(h°°). 

By a microlocal partition of unity, it suffices to estimate ||5tt||xa for B G v|/ com P(X) 
compactly supported with WF h (B) in a small neighborhood of some p G WF h (Q") C 
W. We now consider three cases: 

Case 1: p ^ p _1 ([a!o; «i])- Then P(o;) is elliptic at p, therefore we may assume it is 
elliptic on WF h {B). By Proposition 3.2, we get \\Bu\\& < C\\f\\ H2 + 0(h°°). 

Case 2: there exists t < such that e tHp (p) G 14 7 , therefore we may assume that 
e tHp (WF h (B)) C W. Since A is elliptic on W, by Proposition 3.4 together with (4.8), 
we get \\Bu\\ L2 < C\\Au\\ L * + Ch- l \\f\\n 2 + <D(h°°). 
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Case 3: if j(t) = e tHp (p) is the maximally extended trajectory of H p in W, then 
p G p -1 ([ao, ai]) and j(t) ^ W for all t < 0. By Lemma 4.1, we have p ^ T + . 
Since WF/ l (/) C W, Lemma 4.4 implies that p ^ WF/ 1 (m). We may then assume that 
WF h (B) n WF h (u) = and thus \\Bu\\ L 2 = 0{h°°). □ 

4.3. Example: Schrodinger operators on lR n . In this section, we consider the case 
described the introduction, namely a Schrodinger operator on X = 1™ with 

Py = h 2 A + V{x), 

where A is the Euclidean Laplacian and V G C^°(lR n ;lR). We will explain how this 
case fits into the framework of §4.1. 

To define resonances for Pq, we use the method of complex scaling of Aguilar- 
Combes [AgCo], which also applies to more general operators and potentials - see 
[SjZw91], [Sj97], and the references given there. Take R > large enough so that 

suppV C {\x\ < R/2}. 

Fix the deformation angle 9 G (0,7r/2) and consider a deformation Tg R C C n of W 1 
defined by 

T e ,R := {x + iF e , R {x) \ x G W' 1 }, 
where Fg >R : lR n — > M. n is defined in polar coordinates (r,<p) G [0, oo) x § n_1 by 

Fe, R (r,(p) = (fe,R(r),<p), 
and the function fg tR G C°°([0, oo)) is chosen so that (see Figure 3(a)) 
/*,«(!") = 0, r<R; f e , R (r) = rtantf, r > 2R; 
/^(r)>0, r>0; {f 9fR = 0} = {/,,* = 0}. 

Note that 

Te !R n{\Rez\ < R} = E n n {| Re z\ < R}; 
r flijR n{|Rez| >2R} = e i9 W n n{\Rez\ >2R}. 

Define the deformed differential operator Py on it as follows: Py = Pv on l^nr^, 
and on the complementing region {| Kez\ > R}, it is defined by the formula 

n 

P v (v) = J2(hD Zj ) 2 v\ Te<R , 

j=l 

for each v G C^°(Tg tR (1 {\~Rez\ > R}) and each almost analytic continuation v of v 
(that is, v\r e R — v and d s v vanishes to infinite order on T eR - the existence of such 
continuation follows from the fact that Tg^ is totally real, that is for each z G Tg tR , 
T z T e R n iT z Yq R = 0). We identify Tg tR with M n by the map 

l : R n -> Tg, R C C n , i{x) =x + iF e , R (x), 
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Figure 3. (a) The graph of fg )T . (b) The region where complex scaling 
provides meromorphic continuation of the resolvent. 

so that Py can be viewed as a second order differential operator on IR n . Then in polar 
coordinates (r, if), we can write for r > R, 



Px 



1 + ift. 



-hD, 



l)i 



/i 2 L> r + 



(r + </^(r))» : 



with A« denoting the Laplacian on the round sphere S n . We have 



1 



+ 



V + ife,R( r )Y' 



+ V(r,<f). 



(4.13) 



i f'e,R( r )) 2 

Fix a range of energies [ao, «i] C (0, oo) and a bounded open set f2 C C such that (see 
Figure 3(b)) 

[ao, ai] Cfi, Q C {-0 < argw < 7r - 9}. 
For a; G f2, define the operator 

7>(w) = P v - co 2 : Ux -> ft 2 , := #'(K n ), -H 2 := L 2 (M n ). 

Then 7- > (o;) is Fredholm "Hi — >■ % for u; G fi. Indeed, 

V(u) = cos 2 #e~ 2ie /i 2 A - co 2 on > 2R}, 

thus 'P(w) is elliptic on {\x\ > 2R}, as well as for |£| large enough, in the class S((^) 2 ) 
of [Zw, §4.4.1] (this class incorporates the behavior of symbols as x — > oo, in contrast 
with those used in §3.1). Using a construction similar to Lemma 3.3, but with symbols 
in the class S((^)~ 2 ), we can define a parametrix near (both spatial and fiber) infinity, 

Koo{w), W1 th ||ftoo||L2(R»)-+fl£(R») = £>{ l ) and 

^oo(u;)P(w) = 1 + Z(u) + 0(h°°) H 2 h{Rn) ^ H 2 h{m , 

V^TZ^u) = 1 + Z'(u) + 0(h°°) L2m _> L 2 {Rn) , 1 ' ' ' 

where Z(u), Z'{yS) G \[/ comp (]R n ) are compactly supported inside {\x\ < 2R + 1}. Since 
1 + 0(h°°) is invertible and Z(u), Z'(u) are compact, we see that V{oS) is indeed 
Fredholm Hi — > We have thus verified assumptions (l)-(4) of §4.1. 
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The identification of the poles of lZ(u) with the poles of the meromorphic contin- 
uation of the resolvent Ry(u)) = (Py — u 2 )^ 1 defined in (1.3) from {Imw > 0} to Q, 
and in fact, the existence of such a continuation, follows from the following formula 
(implicit in [Sj97], and discussed in [TaZw]): if x G C^°(IR n ), suppx <s B(0,R), then 

x n{u) x = xRv{u)x- (4.15) 

This is initially valid in Q fl {Imw > 0} so that the right-hand side is well-defined, and 
then by analytic continuation in the region where the left hand side is meromorphic. 

Now, we take intervals 

[«o, «i] m [A), fa] m \J3' , 0[] c n n (o, oo) 

and put 

W := {\x\ < R, K| 2 + V(x) G m) 2 , ((3[) 2 )}, 

U := {|x| < 3J2/4, ICI 2 + V(x) G W 2 ,Pi)}. 

Note that V(co) = Py — u 2 in U'\ this verifies assumptions (5) and (6). Assumption (7) 
is also satisfied, with 

p(x, = yW+V(x), & G W. (4.17) 
The operators P and <S(u;) from Lemma 4.3 take the form, microlocally near U, 

P = yfPy', S(u) = \Jy/P^ + u. (4.18) 

Here the square root is understood in the microlocal sense: for an operator A G ^ k (X) 
with <j(A) > on 14', we define the microlocal square root \fA G \l> comp (X) of A in W as 
the (unique modulo 0(h°°) microlocally in W) operator such that (\/A) 2 = A + 0(h°°) 
microlocally in W and <j{\[A) = yJa(A). See for example [GrSj, Lemma 4.6] for details 
of the construction of the symbol. 

Assumption (8), namely convexity of U, is satisfied since for each (x,£) G 14', if 
\x\ > R/2 and H p \x\ 2 = at (x,£), then H 2 \x\ 2 > at (x, ^); therefore, the function 
\x\ 2 cannot attain a local maximum on a trajectory of e tHp in U'\U. Same observation 
shows assumption (9); in fact, K C {\x\ < -R/2}. 

Finally, for assumptions (10) and (11), we take any compactly supported Q G 
f comp (I) such that WF h (Q) C U and 

a{Q) > everywhere; a{Q) > on p'\[a , a x ]) n {|x| < R/2}. 

To verify assumption (10), consider an arbitrary family u = u(h) G iJ^(lR n ), with norm 
bounded polynomially in h, and put 



f = (V(u)-iQ)u, 
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where uj satisfies (4.1). By (4.13), and since Imw = 0(h), we find 

lma(V(u>)) < everywhere; 

= 0} C {FoM = 0}. 

Note also that a(V(u)) = |£| 2 + V(x) - u 2 on {F e>R (x) = 0}. Together with the 
convexity property of \x\ 2 mentioned above, we see that for each p E T*X, there 
exists t < such that V(oS) — iQ is elliptic at exp(tiJ Rccr (p( aJ )))(p). Since Imcx('P(a;) — 
iQ) < everywhere, by propagation of singularities with a complex absorbing term 
(Proposition 3.4) and the elliptic estimate (Proposition 3.2) we get 

\\z(u)u\\ H 2 KCh-^fWv + oyi 00 ), 

where Z(u) is defined in (4.14). Then by (4.14), 

\\u\\ Hlm < C\\f\\ L , m + \\Z(uj)u\\ h1 + 0(h°°) < Ch- x \\f\\ L , m + 0(h°°), 
proving the estimate (4.7) of assumption (10). 

Assumption (11) is proved in a similar fashion: assume that WF/ l (/) C W and 
p' G WF/,(m) nW. Denote j(t) = exp(tH Rca (^p^)(p'). Then there exists to > 
such that V(co) — iQ is elliptic at j(— to). By Proposition 3.4, we see that either 
exp(-tH Rca{v{ui) ))(p') e WF A (/) for some t E [0,t ] or exp(-t H Re(7(v{uj)) )(p') E 
WFa(u), in which case this point also lies in WF^(/) by Proposition 3.2; there- 
fore, j(—t) E WFh(f) for some t > 0. Let ti be the minimal nonnegative number 
such that j(— ti) E WF^(/); we may assume that t\ > 0. Since j((—ti,0\) does 
not intersect WF/ l (/), it also does not intersect the elliptic set of V(co); therefore, 
7([-ti, 0]) C {F ejR (x) = 0} and thus cr(V(u)) = p 2 - u 2 on j([-ti, 0]). It follows that 
e~ tHp (p') E WF h (f) for some t > 0, as required. 

4.4. Example: even asymptotically hyperbolic manifolds. In this section, we 
define resonances, in the framework of §4.1, for an n-dimensional complete noncompact 
Riemannian manifold (M, g) which is asymptotically hyperbolic in the following sense: 
M is diffeomorphic to the interior of a smooth manifold with boundary M, and for some 
choice of the boundary defining function x, E C°°(M) and the product decomposition 
{x < e} ~ [0, e) x DM, the metric g takes the following form in {0 < x < e}: 

dx 2 + gi(x,y,dy) 
9 = ~ 2 • (4-19) 

x A 

Here g\ is a family of Riemannian metrics on DM depending smoothly on x E [0, e). 
We moreover require that the metric is even in the sense that g\ is a smooth function 
of x 2 . 

To put the Laplacian A g on M into the framework of §4.1, we use the recent con- 
struction of Vasy [Vail]. We follow in part [DaDy, §4.1], see also [DaDy, Appendix B] 
for a detailed description of the phase space properties of the resulting operator in 
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a model case. Take the space M even obtained from M by taking the new boundary 
defining function /i = x 2 and put (see [Vail, §3.1]) 

Pi(w) = [is- — e~ (h 2 (A g - (n - l) 2 /4) - u 2 )e~ — . 

Here is a smooth real- valued function on M such that 

= // /2 (1 + /x)- 1/4 on {0 < /i < 5o}, 

where 5 > is a small constant; the values of (ft on {fi > 5 } are chosen as in the 
paragraph preceding [Vail, (3.14)]. We can furthermore choose and /i to be equal 
to 1 near the set {x > Eq/2}, for any fixed Eq > (and 5q chosen small depending 
on e ) so that 

P x {u) = h 2 (A g - (n - l) 2 /4) - to 2 on {x > e /2}. (4.20) 

The differential operator P\{uj) has coefficients smooth up to the boundary of M even ; 
then it is possible to find a compact n-dimensional manifold X without boundary such 
that Me V en embeds into X as {ji > 0} and extend Pi(u>) to an operator P2(oj) G ^ 2 (X), 
see [Vail, §3.5] or [DaDy, Lemma 4.1]. Finally, we fix a complex absorbing operator 
Q G ^ 2 (X), with Schwartz kernel supported in the nonphysical region {ji < 0}, 
satisfying the assumptions of [Vail, §3.5]. We now fix an interval [a ,ai] C (0, oo), 
take ficCa small neighborhood of [a , act], and put 

V(co) := P 2 (uj) -iQ, ooen. 

Fix C > 0, take s > C + 1/2, and put U 2 = H s h - l (X) and 

«i = {«e H' h {X) | P 2 (l)u e H s h -\X)}, \\uf Hl = \\u\\ 2 mx) + ||P 2 (l)ri||i j ,-i w . 

It is proved in [Vail, Theorem 4.3] that for uj satisfying (4.1), the operator V(u) : 
"Hi — > H.2 is Fredholm of index zero; therefore, we have verified assumptions (l)-(4) 
of §4.1. The poles of TZ(u) = V{u)~ l coincide with the poles of the meromorphic 
continuation of the Schwartz kernel of the resolvent 

R g (u) := (h 2 (A g - (n - l) 2 /4) - uj 2 )- 1 : L 2 (M) -> L 2 (M), Imw > 0, 

to the entire C, first constructed in [MaMc] with improvements by [Gu] - see [Vail, 
Theorem 5.1]. 

We can now proceed similarly to §4.3, using that the regions {x > e } are geodesi- 
cally convex for Eo > small enough (see for instance [DyGu, Lemma 7.1]). Fix small 
sq > 0, take any intervals 

K «i] m [fa, Pi] <^ Wo, P[]cnn (o, oo), 

and define 

W := {x > e /2, \£\ g G (#,, (3[)}, U := {x > e , \£\ g G (/3 , Pi)}- (4.21) 
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As in §4.3, assumptions (5)-(9) hold, with 

P(*,t) = \t\g- (4-22) 
The operators P and S(u) constructed in Lemma 4.3 are given microlocally near U by 

P = yJh?A g - (n - l) 2 /4, S(cu) = ^h*A g -(n-iy/4 + u, 

with the square roots defined as in (4.18). 

Finally, for assumptions (10) and (11), take Q G ^ com P(X) with WF h (Q) C U and 

&(Q) > everywhere; er(<2) > on p~ """([cuo, oci]) d {x > 2eq]. 

Then assumption (10) follows from [Vail, Theorem 4.8]. To verify assumption (11), 
we modify the proof of [Vail, Theorem 4.9] as follows: assume that / = f(h) G I-L2 has 
norm bounded polynomially in h and put u = H'(oj)f, for uj = cu(h) satisfying (4.1). 
Assume also that WF/,(/) C W and take p' G WF h (u) fl W . We may assume that 
P 2 (^) is not elliptic at p', since otherwise p' G WF/,(/). If j(t) is the bicharacteristic 
of a(P 2 (u>)) starting at p', then (see [Vail, (3.32) and the end of §3.5]) either j(t) 
converges to the set L + C dT X fl {p = 0} of radial points as t — > —00, or Q is 
elliptic at j(—t ) for some t > 0. In the first case, j(— 1 ) ^ WF h (u) for t > large 
enough by the radial points argument [Vail, Proposition 4.5]; in the second case, by 
Proposition 3.2 we see that if j(— to) G WF/,(u), then j(— to) G WF/ l (/). Combining 
this with Proposition 3.4, we see that there exists t% > such that 7(— ti) G WF/ l (/). 
Since 7(0), 7(— ti) G W, and W is convex with respect to the bicharacteristic flow of 
a(P2(u>)) (the latter being just a rescaling of the geodesic flow pulled back by a certain 
diffeomorphism) , we see that j([—ti, 0]) C W . Now, by (4.20), 7Q— 1±, 0]) is a flow line 
of H p 2] therefore, for some t > 0, e~ tHp (p') G WF^(/), as required. 

5. r-NORMALLY HYPERBOLIC TRAPPED SETS 

In this section, we state the dynamical assumptions on the flow near the trapped 
set K, namely r-normal hyperbolicity, and define the expansion rates z/ m j n , u max (§5.1). 
We next establish some properties of r-normally hyperbolic trapped sets: existence of 
special defining functions tp± of the incoming/outgoing tails r± near K (§5.3), existence 
of the canonical projections ir± from open subsets T± C r± to K and the canonical 
relation A° (§5.4), and regularity of solutions to the transport equations (§5.5). 

5.1. Dynamical assumptions. Let U C W be the open sets from §4.1, and p G 
C°°(W;M.) be the function defined in (4.4). Consider also the incoming/outgoing tails 
r± C U and the trapped set K = T + fl T_ defined in (4.5). We assume that, for a 
large fixed integer r depending only on the dimension n (see Figure 4(a)), 
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(a) (b) 

Figure 4. (a) Dynamics of e tHp in the directions transverse to the 
trapped set. (b) Dynamics on r±; the flow lines of V± are dashed. 



(1) r± are equal to the intersections of U with codimension 1 orientable C r sub- 
manifolds of T*X; 

(2) T + and T_ intersect transversely, and the symplectic form as is nondegenerate 
on TK; that is, K extends to a symplectic submanifold of T*X of codimension 
two. 

Consider one-dimensional subbundles V± C TT± defined as the symplectic comple- 
ments of TT± in Ty ± {T*X) (see Figure 4(b)); they are invariant under the flow e tHp . 
By assumption (2), we have TrT± = V±\k © TK. Define the minimal expansion rate 
in the normal direction, z/ m j n , as the supremum of all v for which there exists a constant 
C such that 

sup||de T ^(p)| v± || < Ce-*, t > 0. (5.1) 

Here || ■ || denotes the operator norm with respect to any smooth inner product on 
the fibers of T(T*X). Similarly we define the maximal expansion rate in the normal 
direction, ^ max , as the infimum of all v for which there exists a constant c > such 
that 

inf ||rfe T ^(p)| v± || > ce~ v \ t > 0. (5.2) 

Since e tHp preserves the symplectic form erg, which is nondegenerate on V+\k © V-|if, 
it is enough to require (5.1) and (5.2) for a specific choice of sign. 

We assume r-normal hyperbolicity: 
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(3) Let /i max be the maximal expansion rate of the flow along K, defined as the 
infimum of all \x for which there exists a constant C such that 

sup \\de tHp (p)\ T K || < Ce M|i| , t E R. (5.3) 

Then 

max- 

(5.4) 

Assumption (3), rather than a weaker assumption of normal hyperbolicity z/ m ; n > 0, 
is needed for regularity of solutions to the transport equations, see Lemma 5.2 below. 
The number r depends on how many derivatives of the symbols constructed below 
are needed for the semiclassical arguments to work. In the proofs, we will often take 
r = oo, keeping in mind that a large fixed r is always enough. 

5.2. Stability. We now briefly discuss stability of our dynamical assumptions under 
perturbations; a more detailed presentation, with applications to general relativity, 
will be given in [Dyl3]. Assume that p s , where s e K varies in a neighborhood of 
zero, is a family of real-valued functions on W such that po = P and p s is continuous 
at s = with values in C°°(W). Assume moreover that conditions (8) and (9) of §4.1 
are satisfied with p replaced by any p s . Here r± and K are replaced by the sets r±(s) 
and K(s) defined using p s instead of p. We claim that assumptions (l)-(3) of §5.1 are 
satisfied for p s , T±(s), K(s) when s is small enough. 

We use the work of Hirsch-Pugh-Shub [HiPuSh] on stability of r-normally hyper- 
bolic invariant manifolds. Assumptions (l)-(3) imply that the flow e tHp is eventually 
absolutely r-normally hyperbolic on K in the sense of [HiPuSh, Definition 4]. Then 
by [HiPuSh, Theorem 4.1], for s small enough, r±(s) and K(s) are C r submanifolds 
of T*X, which converge to F± and K in C r as s — > 0. It follows immediately that 
conditions (1) and (2) are satisfied for small s. 

To see that condition (3) is satisfied for small s, as well as stability of the pinching 
condition (1.7) under perturbations, it suffices to show that, with z/ m i n (s), v rnax (s), Hmax( s ) 
defined using e tHpa ,T±(s), K(s), 

liminf u min (s) > z/ min , (5.5) 
limsupi/ max (s) < z/ max , (5.6) 

limsup/i max (s) < /i max . (5.7) 

We show (5.5); the other two inequalities are proved similarly. Fix a smooth metric 
on the fibers of T(T*X). Take arbitrary e > 0, then for T > large enough, we have 

sup \\de^ THp (p)\ v± \\ < e -^- £)T . 
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Fix T; since p s , T±(s), K(s), and the corresponding subbundles V±(s) depend contin- 
uously on s at s = 0, we have for s small enough, 

sup \\de TTH ^(p)\ v±{s) \\ < e -(^n-e/2)T _ 

Since e*^ Ps is a one-parameter group of diffeomorphisms, we get 

sup \\de TtH >»{p)\ v±(s) \\ < Ce~^- £/2)t , t > 0; 

therefore, v tD j Jl (s) > u min — e/2 for s small enough and (5.5) follows. 

5.3. Adapted defining functions. In this section, we construct special defining func- 
tions ip± of r_|- near K. We will assume below that are smooth; however, if r_|- 
are C r with r > 1, we can still obtain ip± e C r . A similar construction can be found 
in [WuZwll, Lemma 4.1]. 

Lemma 5.1. Fix e > 0. 3 Then there exist smooth functions (p±, defined in a neigh- 
borhood of K in W , such that for 5 > small enough, the set 

U s :=Un {\cp + \ < 5, \<p_\ < 5}, (5.8) 

is a compact subset oflA when intersected with p~ l ([ao, on]), and: 

(1) r± n U s = {y?± = 0} D U 5 , and d<p± ^0 on Us; 

(2) H p ip± = =Fc±<^± on Us, where c± are smooth functions on Us and, with z/ min , i/ max 
defined in (5.1), (5.2), 

^min - £ < c± < z/ max + e on U s ; (5.9) 

(3) the Hamiltonian field H v± spans the subbundle V± on T± fl Us defined be- 
fore (5.1); 

(4) {tp+,<p-} > on U 5 ; _ 

(5) f/5 is convex, namely if ^{t), < t < T, is a Hamiltonian flow line of p inlA 
and 7(0), 7(T) e Us, then t([0,T]) C C/ a . 

Proof. Since r± are orientable, there exist defining functions <£>± of r± near A; that 
is, are smooth, defined in some neighborhood U of A, and d<£>± ^ on [/ and 
r± fl Z7 = Wfl {<£>± = 0}. Since A is symplectic, by changing the sign of (f>- if 
necessary, we can moreover assume that {v5+, y3_} > on A. 

Since e tHp {Y±) C r_|- for =)=t > 0, we have H p {p± = on r^.; therefore, 

A P <y5± = Tc±fi±, 

where c± are smooth functions on U. The functions c± control how fast (p± decays 
along the flow as t — > ±00. The constants z/ min and z/ max control the average decay 
rate; to construct ip±, we will modify <p± by averaging along the flow for a large time. 

3 The parameter e is fixed in Theorem 1; it is also taken small enough for the results of §5.5 to hold. 
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For any p G T±C\U, the kernel of d(p±{p) is equal to T p T±; therefore, the Hamiltonian 
fields H(p ± span V± on T±nU. We then see from the definitions (5.1), (5.2) of z/ min , i/ max 
that there exists a constant C such that, with (e TtHp ) if H^ ± G V± denoting the push- 
forward of the vector field H<p ± by the diffeomorphism e TtHp , 

(pTtH p \ TT _ 

C -l e -(^+e/2)t < vf J*^± < Ce _(, min - £/2 )t Qn ^ f > Q 

Now, we calculate on K, 

d t ((e* H *)*Hf ± ) = ±(e* H *UH p ,Hf ± ] 
= -( e ^ Hp ),H^ ± = -(c ± oe^)(e^),^ ± . 
Combining these two facts, we get for T > large enough, 

"mm - £ < (C±) T < *Vax + £ On K, 

where (-)t stands for the ergodic average on K: 

Fix T. We now put <p± := e =F -' ± • <£>±, where /± are smooth functions on [/ with 



f± = fj {T-t)c±oe m >dt onK, 



so that H p f± = (c±)t — c± on K. Then yj-t satisfy conditions (l)-(4), with 

C± = =F = (C±) T e (fmin - £, ^ max + £j 

on X, and thus on Us for S small enough. 

To verify condition (5), fix So > small enough so that ±H p {p± < on U$ Q . By 
Lemma 4.2, for S small enough depending on Sq, for each Hamiltonian flow line j(t), 
< t < T, of p in W, if 7(0),7(T) G £/*, then t([0,T]) C [/ 5o - Since ±d t (p±(-f(t)) 2 < 
for < t < T and \(p±(j(t))\ < S for t = 0, T, we see that 7 ([0, T]) C U 5 . □ 

5.4. The canonical relation A°. We next construct the projections n± from subsets 
C V± to K. Fix Sq, Si > small enough so that Lemma 5.1 holds with So in place 
of S and -K" fl p _1 ([a:o — <5i, «i + is a compact subset of W (the latter is possible by 
assumption (9) in §4.1), consider the functions tp± from Lemma 5.1 and put 

r± := T±np- 1 (ao-S 1 ,a 1 + S 1 )n{\^ T \ < S }, K° := KHp^ioco-Sx, (5.10) 

so that K° = T° + r\T°_ and, for Sq small enough, T± C W. Note that, by part (2) of 
Lemma 5.1, the level sets of p on T± are invariant under H lfi± and e tHp (T±) C r± for 
=F* > 0. 
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By part (4) of Lemma 5.1, T± is foliated by trajectories of H v± (or equivalently, 
by trajectories of V±), moreover each trajectory intersects K at a single point. This 
defines projection maps 

7T± : VI -+ K°, 

mapping each trajectory to its intersection with K. The flow e tHp preserves the sub- 
bundle V± generated by H v± , therefore 

7T± o e TtHp = e TtHp o 7T±, t > 0. (5.11) 

Now, define the 2n-dimensional submanifold A° C T*X x T*X by 

A° := {(p-,p+) E ri x r; | tt_( P _) = tt + ( P+ )}. (5.12) 

We claim that A° is a canonical relation. Indeed, it is enough to prove that as\rr^ — 
tt±(o's\tk o )i where as is the symplectic form on T*M. This is true since the Hamil- 
tonian flow e tH ' p± preserves erg and V±\k is symplectically orthogonal to TK. 

5.5. The transport equations. Finally, we use r-normal hyperbolicity to establish 
existence of solutions to the transport equations, needed in the construction of the 
projector II in §7.1. We start by estimating higher derivatives of the flow. Take 
5 , T° ± , K° from §5.4 and identify T° ± ~ K° x (-<$„, 5 ) by the map 

p±eT° ± ^(n ± (p ± ), VT (p ± )). (5.13) 

Denote elements of K° x (— 6 , 8 ) by (9, s) and the flow e tHp on r^_, =Ft > 0, by 
(recall (5.11)) 

Note that ijj±(6,0) = 0. We have the following estimate on higher derivatives of the 
flow on K° (in any fixed coordinate system), see for example [DyGu, Lemma C.l] 
(which is stated for geodesic flows, but the proof applies to any smooth flow): 

sup \d%e tH p(9)\ < c ae (N/w+e)|i| ; t e R> ( 5 14 ) 

Here /z max is defined by (5.3), e > is any fixed constant, and C a depends on e. We 
choose e small enough in (5.17) below and the constant e > in Lemma 5.1 is small 
depending on e. 

Next, we estimate the derivatives of ip±. We have, with c± defined in part (2) of 
Lemma 5.1, 

d t ^i{e,s) = ±c T (e tHp (6),4> t ± (9,s))ij t ± (6,s). 

Then 

d t (d k s d^ ± (6, s)) = ±c T (e tHp (9), 0)0^^(9, .) + ..., 

where ... is a linear combination, with uniformly bounded variable coefficients de- 
pending on the derivatives of c T , of expressions of the form 

d^e tH *{9) ■ ■ ■ dl m e tH *{9) d^d^ ± (9, s) ■ ■ ■ dj l d^ ± {9, s), 
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where /?i + • • • + /3 m + 7i + • • • + 7z = «, h + ■ ■ ■ + ki = k, and \j3 j \ 1 + kj > 0. 
Moreover, if I = or I + m = 1, then the corresponding coefficient is a bounded 
multiple of ?/4(#,s). It now follows by induction from (5.9) that 

sup \d k s d^f (6,s)\ < C ak e^^- u ^ +i)t , t>0. (5.15) 

9&K°,\s\<8 

We can now prove the following 

Lemma 5.2. Assume that (5.4) is satisfied, with some integer r > 0. Let f G 
C r+1 (T±) be such that f\x = 0. Then there exists unique solution a G C r (T±) to 
the equation 

H p a = f, a\ K o = 0. (5.16) 
Proof. Using (5.4), choose £ > so that 

r/imax - *Vin + £ < 0. (5.17) 

Any solution to (5.16) satisfies for each T > 0, 

a = aoe TTH ?± [ f o e TtHp dt. 
Jo 

Since cl\k° = 0, by letting T — > +oo we see that the unique solution to (5.16) is 

POO 

a = ± foe TtHp dt. (5.18) 
Jo 

The integral (5.18) converges exponentially, as 

|/ o e TtH ?(6, s)\ < C\i/>¥(6, s)\ < Ce-^- e)t . 
To show that a G C r , it suffices to prove that when \a\ + k < r, the integral 

#s W ° e TtHp ) dt 



converges uniformly in s, 6. Given (5.17), it is enough to show that 

sup \d k s d^{f o e TtHp )(9, s)\ < C ak e^ m **~ v ^ + ^\ t > 0. (5.19) 
e,s 

To see (5.19), we use the chain rule to estimate the left-hand side by a sum of terms 
of the form 

d^d l J(e TtH "(6, s))d^e TtH ^9) ■ ■ ■ d p m e* tH *(6)dfd k s x ^f{e, s) ■ ■ ■ d] l d kl ^\9, s) 

where 0x + • • • + f5 m + ji + ■ ■ ■ + ji = a, k\ + ■ • • + ki = k, and \(3j\, \ + kj > 0. For 
I = 0, we have \d^foe^ tH " | = 0( e -(^- £ )*) and (5.19) follows from (5.14). For I > 0, 
(5.19) follows from (5.14) and (5.15). □ 
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6. Calculus of microlocal projectors 

In this section, we develop tools for handling Fourier integral operators associated 
to the canonical relation A° introduced in §5.4. We will not use theoperator P or 
the global dynamics of the flow e tHp ; we will only assume that X is an n-dimensional 
manifold and 

• C T*X are smooth orientable hypersurfaces; 

• intersect transversely and K° := fl T°_ is symplectic; 

• if V± C TT± is the symplectic complement of TT± in T(T*X), then each 
maximally extended flow line of V± on T± intersects K° at precisely one point, 
giving rise to the projection maps tt± : T± — > K°; 

• the canonical relation A° C T*(X x X) is defined by 

a° = {( P -,p + ) g r°_ x r; | tt_( p _) = 7r + ( P+ )} ; 

• the projections n± : A° — > T± are defined by 

7f±(p_,p+) =p±. (6.1) 

If we only consider a bounded number of terms in the asymptotic expansions of the 
studied symbols, and require existence of a fixed number of derivatives of these symbols, 
then the smoothness requirement above can be replaced by C r for r large enough 
depending only on n. 

We will study the operators in the class / comp (A°) considered in §3.2. The antideriv- 
ative on A° (see §3.2) is fixed so that it vanishes on the image of the embedding 

j K :K°^A°, j K (p) = (p,p) ; (6.2) 

this is possible since j* K {r]dy — £ dx) = and the image of jx is a deformation retract 
of A°. 

We are particularly interested in defining invariantly the principal symbol <J\(A) of 
an operator A G / comp (A°). This could be done using the global theory of Fourier 
integral operators; we take instead a more direct approach based on the model case 
studied in §6.1. The principal symbols on a neighborhood A of a compact subset 
K C K° are defined as sections of certain vector bundles in §6.2. 

We are also interested in the symbol of a product of two operators in / CO mp(A ). 
Note that such a product lies again in / C omp(A°), since A° satisfies the transversality 
condition with itself and, with the composition defined as in (3.5), A° o A° = A°. 
To study the principal symbol of the product, we again use the model case - see 
Proposition 6.5. 

Next, in §6.3, we study idempotents in l comp (A ), microlocally near K, proving 
technical lemmas need in the construction of the microlocal projector II in §7. Finally, 
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in §6.4, we consider left and right ideals of pseudodifferential operators annihilating a 
microlocal idempotent, which are key for proving resolvent estimates in §8. 

6.1. Model case. We start with the model case 

X := W 1 , T° + : = {£„ = 0}, r° := {x n = 0}. (6.3) 

Then K° = {x n = £ n = 0} is canonically diffeomorphic to T*IR n_1 . If we denote 
elements of IR 2n ~ T*IR n by (x', x n , £ n ), with x', £' G IR™ -1 , then the projection maps 
tt± : Tj. — > K° take the form 

n+(x,£',0) = (x',0,e',0), tt_(x',0,0 = (^,0,^,0), 

and the map 

(f) : (x, ^ (x', 0,(;i,(',0)Gr(rx W n ) (6.4) 

gives a diffeomorphism of IR 2n onto the corresponding canonical relation A . 

Basic calculus. For a Schwartz function a(x, £) G ^(IR 2 ™), define its A°-quantization 
Op£(a) : y"(R n ) -> J^(M n ) by the formula 

Op^(a) M (x) = (2vr/i)- n / e*^ ^ofo $u(y) dyd£. (6.5) 

The operator Op^(a) will be a Fourier integral operator associated to A , see below for 
details. We also use the standard quantization for pseudodifferential operators [Zw, 
§4.1.1], where a(x,£;h) G C°°(IR 2n ) and all derivatives of a are bounded uniformly in 
h by a fixed power of 1 + \x\ 2 + |£| 2 : 

Op h {a)u{x) = {2nh)- n [ e*( x - yH a(x,Z)u(y) dyd£. (6.6) 

JR 2 " 

The symbol a can be extracted from Op^(a) or Op h (a) by the following oscillatory 
testing formulas, see [Zw, Theorem 4.19]: 

Opi(a)(ei*-t) = e&*a{x,t), (6» n , (6.7) 

Op,(a)(e^) = e ^a(x,0, deR n . (6.8) 

From here, using stationary phase expansions similarly to [Zw, Theorems 4.11 and 4.12], 
we get (where the symbols quantized by Op^ are Schwartz) 

Op£(a)Op£(6) = Op£(a# A &), (6.9) 

0p£(a)0p,(6) = 0p£(a #fe ), (6-10) 
Op h (&)Op£(a) = Op£(a b# ), (6.11) 
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where the symbols a# A 5, a#&, a&# G ,5^(IR 2n ) have asymptotic expansions 

a# A b(x,0 ~J2 { - Z ^d2a(x,e,0)d:b(x',0,Z), (6.12) 

a 

^.^E^rW-W.^). ( 6 - 13 ) 

z — ' a! 

a 6# (x,£) ~J^t^^6(x,^0)^o(x,0. (6.14) 

a 

Finally, the operators Op^(a) are bounded L 2 — >■ L 2 with norm (9(/z -1 / 2 ): 
Proposition 6.1. If a £ ,5^{E? n ), then there exists a constant C such that 

II OPh( a )IU 2 (R n )->L 2 (R") < Ch~ 1/2 . 

Proof. Define the semiclassical Fourier transform 

fi(0 := (27T/1)-"/ 2 / e-fr*«(iO 

JR™ 

then ||m||l2 = 1 1 rt 1 1 x, 2 an d 

Op£(a)u(x) = (27T/1)- 1 / 2 / ^(x,e„)rfe„, 

where 

v(x, O := (2 7 r/ i )-(- 1 )/ 2 / e^'^(x, 6.) 
Using the L 2 -boundedness of pseudodifferential operators on IR n_1 , we see that for each 

(i„,(„)et 2 , 

IK-,^n,£n)||L 2 , < F(x n ,€ n )\\u(-,(; n )\\ L 2 , 

where F(x n , £ n ) is bounded by a certain ,5^(IR 2n ~ 2 ) seminorm of a(-, x n , £ n ). Then F 
is rapidly decaying on IR 2 and for any N, 

\H-^ n )\\ Ll <C(Q- N \\u(;i n )\\ L 2 r 

Therefore, 

\\0 P £(a)u(x)\\ L 2 <Ch- l l 2 [ \\v(-^ n )\\ L 2dZ n <Ch-V 2 \\u\\ L 2 



as required. □ 

Microlocal properties. For a 6 S^(M. 2n ), the operator Op A (a) is /i-tempered as 
defined in Section 3.1. Moreover, the following analog of (3.4) follows from (6.10) 
and (6.11): 

WF h (Op£(a)) C 0(supp a) C A , (6.15) 

with cj) defined by (6.4). 
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For a G C™(R 2n ), we use (3.3) to check that Op^(a) is, modulo an 0(h°°)y^y 
remainder, a Fourier integral operator in the class / C om P (A ) defined in §3.1. 

We will also use the operator Op£(l) : C°°(M n ) C°°(M n ) defined by 

Op£(l)/(ar) = /(a;', 0), / 6 C°°(R n ). (6.16) 

Since (6.5) was defined only for Schwartz symbols, we understand (6.16) as follows: if 
a G C^°(M 2n ) is equal to 1 near some open set U C M 2n , then the operator Op^(l) 
defined in (6.16) is equal to the operator Op^(a) defined in (6.5), microlocally near 
(f)(U) C T*(R n x W n ). Moreover, WF fc (Op£(l)) n T*(R n x R n ) C A . To see this, it is 
enough to note that for a G C^(R 2n ) and \ e C£°(R n ), we have xOp£(l) Op fe (a) = 
Op£(5), where a(x,0 = x{x)a{x', 0, G C^M 2 ™) and Op£(5) is defined using (6.5). 

Canonical transformations. We now study how Op^(a) changes under quantized 
canonical transformations preserving its canonical relation (see §3.2). Let U, V C M. 2n 
be two bounded open sets and x : U — >■ V a symplectomorphism such that 

x(r^ n c/) = r° n v, 

with Tj. given by (6.3). We further assume that for each (x',£') G T*M n_1 , the sets 
{x n | (x', x n , 0) G £7} and {£„ | (x',0, £',£„) G U}, and the corresponding sets for V, 
are either empty or intervals containing zero, so that the maps tt± : U fl T° ± — > U D X 
are well-defined. Since x preserves the subbundles V±, it commutes with the maps 7r± 
and thus preserves A ; using the map from (6.4), we define the open sets U, V C IR 2n 
and the diffeomorphism Sc : U — > V by 



£? : = ^(C/" x C/), t? := (p-\V x V), 



O X = X o 



Proposition 6.2. Lei £?,£?' : C°°(lR n ) — > C^°(lR n ) be two compactly microlocalized 
Fourier integral operators associated to x and x -1 , respectively , such that 

BB' = 1 + e>(/i°°) microlocally near V', 

B'B = 1 + 0(h°°) microlocally near U' , ^ 

for some open U' m U, V m V such that x(U') = V . Then for each a G C^{V), 

B'0^{a)B = Op£(a„) + 0{h°°)y^ 
for some classical symbol a x compactly supported in U , and 

a*{x,Z) =-yl(x,?hZW,ZWZ{x,S)) + 0{h) on<p-\U' x U'), (6.18) 
where 7^ are smooth functions on U C\T± depending on x, B, B' with ^^K^nu' = 1- 



4 The choice of antiderivative (see §3.2) is irrelevant here, since the phase factor in B resulting from 
choosing another antiderivative will be cancelled by the phase factor in B' . 
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Proof. Assume first that x has a generating function S(x,r]): 

x(x,£) = (y,r/) £ = d x S(x,7]), y = d v S(x,r}). 

If S) s C R 2n is the domain of S, then for each (x',r/) G T*M n_1 , the sets {x n \ 
[X , X n , Tj , 0) G ^5} and {//„ | (x' , , 1]' , r] n ) G ^5} are either empty or intervals con- 
taining zero. Since x preserves r±, we find d Jln S(x', 0, rj) = d Xn S(x, 7/, 0) = and 
thus 

S( x , rf, 0) = S{x', 0, 77) = S{x', 0, 77', 0). (6.19) 
We can write, modulo 0(h°°)y^.y errors, 



Bu(y) = (2nh)- n j e^'^Hix, 77; h)u{x) dxdr], 

B'u(x) = (2nh)- n J e^ s{x ' v) - y - n) b'(x,ri;h)u(y) dydrj, 

where b, V are compactly supported classical symbols and by (6.17) the principal sym- 
bols b and b' have to satisfy for (x,£) G U', 

b (x, V )b' (x, V ) = \detd 2 xri S(x, V )\. (6.20) 
We can now use oscillatory testing (6.7) to get 

a x (x,0 := e-^'<'B'Op^a)B(e^<) 

= (2nh)- 2n [ e U- x '<'+ s (^)-y-v+y'-v'-s(£,v)+x<) b >( x ^ fj. ^ a ( y> m h ) dydfjdrjdx. 



We analyse this integral by the method of stationary phase; this will yield that a K is 
a classical symbol in h, compactly supported in U modulo an (9(/i°°)^( K 2n) error, and 
thus B' Ovi(a)B = Op£(a*). 

The stationary points are given by 

fj = (t/,0), x = (x',0), (y,rj) = St(x,£). 

The value of the phase at stationary points is zero due to (6.19). To compute the 
Hessian, we make the change of variables fj = r) + {rj',0). We can then remove the 
variables y, f] and pass from the original Hessian to d 2 , ,S(x, rj' , 0) — d 2 S(x', 0, rj), where 
the first matrix is padded with zeros. Since d r]n S(x', 0, 77) = 0, we have d 2 „S = 
d 2 nX iS = d 2 nV ,S = at (a/, 0,77), therefore we can remove the x n ,r) n variables, with a 
multiplicand of (d 2 nVn S(x', 0, rf)) 2 in the determinant. Next, by (6.19) d 2 , ,S(x', 0, 77) = 
d 2 , ,S(x, rj', 0); therefore, the Hessian has signature zero and determinant 

(d 2 Xnrin S(x\0, V )detd 2 x , v ,S(x\0, V )) 2 . 

Since d 2 , S(x', 0, rj) = 0, this is equal to (det d 2 v S(x', 0, rj)) 2 . Therefore, we get (6.18) 
with 

+ ( >/n -/ / n = b' (x,rj',0)b (x',0,rj) b' (x , rj' , 0) _ 

7, K)lit K x , K) ! det ^ ^ ^ ! ^ ^ ^ , 
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here (y,i]) = x(x,£) and the last equality follows from (6.20). We then find 

7^0,0) = b' (x, V ',0)/b' (x',0, V ',0), 1 ~(x',O=b' (x',0,r ] ',0)/b' (x',0,r ] ). (6.21) 

We now consider the case of general x. Using a partition of unity for a, we may 
assume that the intersection U D K° is arbitrary small. We now represent x as a 
product of several canonical relations, each of which satisfies the conditions of this 
Proposition and has a generating function; this will finish the proof. 

First of all, consider a canonical transformation of the form 

0,0 >->■ (y,v), (y',v') = (yn,Vn) = (Xn,€n), (6.22) 

with x a canonical transformation on T*M n_1 ~ K°. We can write x locally as a prod- 
uct of canonical transformations close to the identity, each of which has a generating 
function - see [Zw, Theorems 10.4 and 11.4]. If S(x',r]') is a generating function for 
x, then S(x',r]') + x n r] n is a generating function for (6.22). 

Multiplying our x by a transformation of the form (6.22) with x = (x|^-o) _1 , we 
reduce to the case 

x(x', 0, 0, 0) = (x', 0, 0, 0) for (x\ 0, 0, 0) e U f) K°. 
If x(x,£) = (y(x, 0, ^0, 0), since x commutes with n± we have 

y'O>0,0) =j/(ar',0,0 = x', 

VO,0,0) = ?/O', 0,O=O ^ 

We now claim that x has a generating function, if we shrink U to be a small neighbor- 
hood of UD (r+ U r° ) (which does not change anything since Op^(a) is micro localized 
in T°_ x r^_). For that, it is enough to show that the map 

V> : 0,0 ^ 0,7/0,0) 

is a diffeomorphism from U onto some open subset C M 2n . 

We first show that ^ is a local diffeomorphism near r^_; that is, the differential 
d^r] is nondegenerate on r° . By (6.23), d x i^/(y', if) equals the identity on r° U T° ; 
moreover, on T° we have d x gi] n = and d Xn (y', rf) = and on r° , we have d x i^y n = 
and d^ n (y',f]') = 0. It follows that on r° U r°, det dgq = d^ n r] n and since x is a 
diffeomorphism, ^ detd( x ^)(y,r]) = d Xn y n ■ d^ n i] n , yielding det d^rj ^ 0. 

It remains to note that ip is one-to-one on U r°_ , which follows immediately from 
the identities ip(x, 0, 0) = (x, 0, 0) and if)(x / , 0, = ^0', 0, 0- D 

6.2. General case. We now consider the case of general T±,K°,A°, satisfying the 
assumptions from the beginning of §6. We start by shrinking T± so that our setup can 
locally be conjugated to the model case of §6.1. (The set K will be chosen in §7.1.) 

Proposition 6.3. Let K C K° be compact. Then there exist 5 > and 
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• a finite collection of open sets C T*X , such that 

KdK:={jK u K r .= K nU t . 

i 

• symplectomorphisms Hi defined in a neighborhood of Ui and mapping Ui onto 

V~ s := {\(x',e)\ < I \x n \ < 6, \U <~5}C T*R n , (6.24) 
such that, with T± defined in (6.3), 

x^nry = v^nr°; 

• compactly microlocalized Fourier integral operators 

B { : C°°{X) ->■ C^°(R n ), B[ : C^iW 1 ) ->■ C °°(X), 
associated to Xj and x~ , respectively, such that 

B t B' t = 1 near V h B' t Bi = 1 near Ui. (6.25) 

Proof. It is enough to show that each point p G has a neighborhood U p and a 
symplectomorphism x p : U p -> V p C T*IR n such that >c p (U p fl r^_) = 1/, D T° ± ; see 
for example [Zw, Theorem 11.5] for how to construct the operators Bi,B' t locally 
quantizing the canonical transformations x p , x~ 1 . 

By the Darboux theorem [Zw, Theorem 12.1] (giving a symplectomorphism mapping 
an arbitrarily chosen defining function of T°_ to x n ), we can reduce to the case p = 
G T*R n and T° = {x n = 0} near 0. Since n T°_ = K° is symplectic, the Poisson 
bracket of the defining function x n of T°_ and any defining function <p + of T° + is nonzero 
at 0; thus, d^ n (p + (0) ^ and we can write locally as the graph of some function: 

T° + = {Z n = F(x,0}- 

Put <p' + (x,£) = £ n — F(x,£'), then {<p' + ,x n } = 1. It remains to apply the Darboux 
theorem once again, obtaining a symplectomorphism preserving x n and mapping <p' + 
to e„- □ 

We now consider the sets 

r± := U r ±' r ± :=r ±n^, 

i (6.26) 
A:=|J A - A,:={(p_,p + )GA°|p ± Gr* ± }. 

i 

Let T-t C r± be compact, with 7T±(r±) = K and for each p £ K, the set 7r± 1 (p) H T± 
is a flow line of V± containing p. Define the compact set 

A:={(p_,p + )GA°|p ± Gf ± } (6.27) 
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and assume that are chosen so that A C A. The goal of this subsection is to obtain 
an invariant notion of the principal symbol of Fourier integral operators in / comp (A°), 
microlocally near A. 

Define the diffeomorphisms Xj : Aj — > V$ by the formula 

(xi(p_),Xi(p+)) = 0(xi(p_,p+)), (p-,p+) G Aj; 

here is defined in (6.4). 

Consider some A G / C omp(A°), then BiAB[ is a Fourier integral operator associated 
to the model canonical relation A from §6.1 (with the antiderivatives on A° and A 
chosen in the beginning of §6). Therefore, there exists a compactly supported classical 
symbol d l (x,^; h) on IR 2n such that, with Opj^ defined in (6.5), 

BiAB't = Op£(a*) + 0(h°°),y^y. (6.28) 

By (6.25), we find 

A = B\ Op^a^Bi + 0(h°°) microlocally near Aj. 
Define the function a 1 G C°°(Aj) using the principal symbol a l by 

a 1 = a l Q o 3<i. 

By Proposition 6.2, applied to the Fourier integral operators BjB[ and BiBj quantizing 
x = Xj o x 4 ~ and x _1 , respectively, with U' = Xi{Ui fl Uj), V = >Cj(Ui fl Uj) we see 
that whenever Aj fl Aj ^ 0, we have 

a*|A i nA j = {llj ® 7jKknA^ (6.29) 

where 7^ are smooth functions on r^. fl T± and ^\k = 1- Moreover, 7^ = (7jj) _1 
and ifjlfk = 7jfc on fl r± PI (this can be seen either from the fact that the 
formulas (6.29) for different i,j have to be compatible with each other, or directly 
from (6.21)). Therefore, we can consider smooth line bundles £± over T± with smooth 
sections e l ± of £±|r i ± such that e± = ^fje % ± on fl T± - see for example [H6I, §6.4]. 

Define the line bundle £ over A using the projection maps from (6.1): 

£ = (#*£") g) (#*£+) 

and for A G / com p(A°), the symbol a A (A) G C°°(A; 5) by the formula 

a A {A)\ Ai = a'ifflel ® r + e\). (6.30) 

Note that the bundle £ can be studied in detail using the global theory of Fourier 
integral operators (see for instance [H6IV, §25.1]). However, the situation in our 
special case is considerably simplified, since the Maslov bundle does not appear. 
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We have a A (A) = near A if and only if A G hI comp (A°) microlocally near A. 
Moreover, for all a G C°°(A;£), there exists A G / C omp(A°) such that o~ A (A) = a near 
A. 

The restrictions £±\v are canonically trivial; that is, for a± G C°°(T±;S±), we can 
view a±\f( as a function on K, by taking e^J^ = 1. The bundles S± are trivial: 

Proposition 6.4. There exist sections a± G C°°(T±;S±), nonvanishing near T± and 
such that a±\r> = 1 near K. 

Proof. Since 7^ is a nonvanishing smooth function on T l ± nT± such that j^KiMC^ = 1, 
we can write 

1% = exp(/^), 

where / f - is a uniquely defined function on r!j_ Pi such that f^\K t nKj = 0. We now 
put near V±, 

a±\r% = exp(6! b )e! t , 
where b l ± G C 00 ^^.) are such that near and K respectively, 

(6±-6i)lr4n4 = ^. «4k = «• 
Such functions exist since is a co cycle: 

./;; /,; • fj, o ; A/ • •///.- a onrinrinr* 

and since the sheaf of smooth functions is fine; more precisely, if 1 = Xi is a partition 
of unity on r±, with suppxi C r^, we put 

k 

We now state the properties of the calculus, following directly from (6.9)— (6.11), the 
general theory of Fourier integral operators, and Egorov's Theorem [Zw, Theorem 11.1] 
(see the beginning of §6 for multiplying two elements of / C omp(A°)): 

Proposition 6.5. Assume that A 1 , A 2 G J comp (A ),P G ^ k (X). Then A X A 2 , A X P, PA 1 
lie in I comp (A°), and 

a A (AiA 2 )(p-, p+) = <7 A (A 2 )(p-,7r_(p_)) ®a A (A 1 )(7r + (p+),p + ), (6.31) 

<T A (A 1 P)(j,-,p + ) = a(P)(j>-)-a A (A 1 )(j>-,p + ), (6.32) 

<t a (PA 1 )(j>-, P+ ) = <t(.P)(j> + ).<t a (A 1 )(j>-,p + ). (6.33) 

Here in (6.31), a A (A 2 )(p-, 7r_(p_)) and aA(^4i)( 7r +(p+) ) P+) ar e considered as sections 
of £_ and £ + , respectively. 

We next give a parametrix construction for operators of the form 1 — A, with A G 
-fcom P (A°), needed in §9: 
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Proposition 6.6. Let A G / C omp(A°) and assume that 

WF h (A) C A; a A (A)\% ^ 1 everywhere. 
Then there exists B G I comp (A°) with WF/ l (5) C A, and such that 

(1 - A)(l -B) = l + 0{h°°), (1 - B)(l - A) = 1 + 0{h°°). 
Moreover, B is uniquely defined modulo 0(h°°) and 

a A (B)(p_, P+ ) = 7~y~~7~ ^ — ; ^a(^)(P-, p+). (6.34) 

Proo/. Take any B x G / comp (A°) with WF h (5i) C A and symbol given by (6.34). 
By (6.31), (1 - A)(l - Bx) = 1 - hR, for some R G / comp (A°) with WF h (R) C A. 
Define B 2 G / C omp(A°) by the asymptotic Neumann series 

-b 2 ~j2 hjRj - 

Defined G / comp (A°) by the identity 1-B = (1-B 1 )(1-B 2 ), then (1-A)(1-B) = 1 + 
e>(/i°°). Similarly, we construct B' G / comp (A°) such that (1 - P/)(l - A) = l + 0(h°°). 
A standard algebraic argument, see for example the proof of [H6III, Theorem 18.1.9], 
shows that B' = B + 0(h°°) and both are determined uniquely modulo (9(/i°°). □ 

We finish this subsection with a trace formula for operators in / comp (A°), used in §10: 

Proposition 6.7. Assume that A G / C omp(A°) and WFh(A) C A. Then, with dVo\ a = 
a s^ /( n ~ I)' denoting the symplectic volume form and jx '■ K° — > A° defined in (6.2), 

{2Tih) n - 1 Tr A = I a A (A) o jxdVol^ +0(h). 
Jk 

Proof. By a microlocal partition of unity, we reduce to the case when WF h{A) lies 
entirely in one of the sets Aj defined in (6.26). If cij is defined by (6.28), then by the 
cyclicity of the trace, Tr A = TrOp£(fi;) + 0{h°°). It remains to note that for any 
a(x,£)GC-(M 2 «), 

(27r/i)"- 1 TrOp^(a) = f a{x', 0, 0) dx'd£ + 0{h), 

jR2n-2 

seen directly from (6.5) by the method of stationary phase in the x„,£„ variables. □ 

6.3. Microlocal idempotents. In this subsection, we establish properties of microlo- 
cal idempotents associated to the Lagrangian A° considered in §6.2, microlocally on the 
compact set A defined in (6.27). We use the principal symbol a\ constructed in (6.30). 

Definition 6.8. We call A G I comp (A ) a microlocal idempotent of order k > near 
A, if A 2 = A + 0(/i fc )/ comp (A°) microlocally near A and o~a(A) does not vanish on A. 



RESONANCE PROJECTORS AND ASYMPTOTICS 



45 



In the following Proposition, part 1 is concerned with the principal part of the 
idempotent equation; part 2 establishes a normal form for microlocal idempotents, 
making it possible to conjugate them microlocally to the operator Op^(l) from (6.16). 
Part 3 is used to construct a global idempotent of all orders in Proposition 6.10 below, 
while part 4 establishes properties of commutators used in the construction of §7. 

Proposition 6.9. 1. A G / C omp(A°) is a microlocal idempotent of order 1 near A if 
and only if near A, 

a A (A)(p-, p+) = a (p^)^a^(p + ) (6.35) 
for some sections <2q G C°°(T±;£±) nonvanishing near T± and such that a$ = 1 
near K . Moreover, a$ are uniquely determined by A onT±. 

2. If A,B G / C omp(A°) are two microlocal idemptotents of order k > near A, 
then there exists an operator Q G \l/ comp (X), elliptic on T + U T_ and such that B = 
QAQ^ 1 + 0(^ fc )/ comp (A°) microlocally near A. Here Q^ 1 denotes an elliptic parametrix 
of Q constructed in Proposition 3. 3. 

3. If A G / C omp(A°) is a microlocal idempotent of order k > near A, and A 2 — A = 
h k Rk + 0(h°°) microlocally near A for some G / comp (A°) ; then for p± G V± near 

r± ; 

a A (R k )(n + (p + ),p + ) = cr A (R k )(7i + ( y p + ),7i + ( y p + )) ■ a£(p + ), 

(6.36) 

ffA(i4)(P-,MP-)) = M^fcXMP-XMP-)) • a (P-)> 

with Oq defined in (6.35). 

4- If A G / comp (A°) is a microlocal idempotent of all orders near A, P G ty comp (X) 
is compactly supported, and [P,A] = h k Sk + 0{h°°) microlocally near A for some 
Sk G ^com P (A°), then near A, 

o- A {S k ){p-,p+) = a Q (p_) ® CT A (S fc )(7r + (p + ),p + ) + (X A (S fe )(p_,7r_(p_)) ® Go (/>+)• 

In particular, a A (Sk) ° Jk = near K, with jx ■ K° —> A° defined in (6.2). 

Proof. In this proof, all the equalities of operators in / C omp(A°) and the corresponding 
symbols are presumed to hold microlocally near A. 

1. By (6.31), we have A 2 = A + 0(h) if and only if 

<r\(A)(p-, p+) = tr A (A)(p_, 7T_(P-)) ® or A (A)(n + (p + ), p + ). 

In particular, restricting to K, we obtain (J A (A) = a A (A) 2 near K. Since o~ A (A) 
is nonvanishing, we get a A (A)\^ = 1 near fC. It then remains to put a$ (p_) = 
(7A(A)(p_,7r_(p_)) and aj(p+) = o- A (A)(7r + (p+), p+). 

2. We use induction on k. For k — 1, we have by (6.32) and (6.33), 

^(g^Q- 1 )(p-,P + ) = ^H^a(^)(p-,p + ). 
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If Og and 6g are given by (6.35), then it is enough to take any Q with 

a(Q)\ f _ = a /b , a(Q)\ f+ = b+/a+, (6.37) 

this is possible since the restrictions of and to K are equal to 1. 

Now, assuming the statement is true for k > 1, we prove it for fc + 1. We have 
B = QAQ- l +0(h k ) for some Q G ^ comp elliptic on f+uf _; replacing A by QAQ~\ we 
may assume that B = A + 0{h k ). Then B — A = h k Rk for some Rk G ^comp(A°); since 
both A and P are microlocal idempotents of order k+1, we find Rk = ARk+R k A+0(h) 
and thus by (6.31), 

cr A (R k )(p-,p+) = a (p_)(g)cr A (Rk)(ii + (p + ),p + )+cr A (R k )(p_,iT_(p_))(g)a l * ) (p + ). (6.38) 
Take Q = 1 + for some Q fe G ^ comp , then Q- 1 = 1 - /i fe Q fe + C(/i fc+1 ) and 

QAQ- 1 =A + h k [Q k , A] + 0(h k+1 ). 
Now, 5 = QAQ' 1 + 0(h k+1 ) if and only if 

(°(Qk)(p+) - «r(Qfc)(p_))ao (p_) ® a^(p + ) = a A (Rk)(p-,P+)- 
By (6.38), it is enough to choose Qk such that for p± G T±, 

/ n w N (J A (R k ){p-,TI-(p-)) ^ 0r A ( J Rfc)(7r+(p+),P+) 



a o(p~) ' ~ «<7(p~) 

this is possible since a A {R k ) jx = (with defined in (6.2)) as follows from (6.38). 

3. Since this is a local statement, we can use (6.28) to reduce to the model case 
of §6.1. Using part 2 and the fact that the operator Op^(l) considered in (6.16) is a 
microlocal idemptotent of all orders, we can write 

A = QOp£(l)Q- 1 + h k A k , 

for some elliptic Q G ^ comp and A k G J comp (A°). Then 

R k = Q Op£(l)Q-% + A k Q Op^l)^- 1 - A k + 0(/i); 

(6.36) follows by (6.31) since a A (Q Op^lJQ -1 ) = a A (A) is given by (6.35). 

4. As in part 3, we reduce to the model case of §6.1 and use part 2 to write 
A = Q Op^ljQ- 1 + 0(/i°°); then 

[P, A] = QiQ^PQ, op^^jg- 1 + 0{h°"). 

Put P = Q~ l PQ; by (6.13) and (6.14) we have [P, Op£(l)] = Op£(s o 0), where is 
given by (6.4) and 

s{p-, P+; h) = p(p+; h) - p(P-! /i), 

where P = Op fe (p); thus 

s(P-,P+;h) = s(7i + (p + ),p + ;h) + s(p_,7r_(p_);/i). 
It remains to conjugate by Q, keeping in mind (6.37). □ 
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We can use part 3 of Proposition 6.9, together with the triviality of the bundles £±, 
to show existence of a global idempotent, which is the starting point of the construction 



Proposition 6.10. There exists a microlocal idempotent IT G / C omp(A°) of all orders 
near A. 

Proof. We argue inductively, constructing microlocal idempotents U k of order k for 
each k and taking the asymptotic limit. To construct III, we use part 1 of Proposi- 
tion 6.9; the existence of symbols Oq was shown in Proposition 6.4. 

Now, assume that U k is a microlocal idempotent of order k > 0. By part 3 of 
Proposition 6.9, we have Tl k — life = h k R k + 0(h°°) microlocally near A, where R k G 
-f C omp(A°) and r k = a^{R k ) satisfies (6.36). Put Ilfc+i = Tl k + h k B k , for some B k G 
-fcom P (A°). We need to choose B k so that microlocally near A, 



R k + U k B k + B k U k -B k = 0(h). 
Taking b k = a\(B k ), by (6.31) this translates to 

h(P-,P+) = %(p-)^b k (TT+(p+),P+) + b k (p-,7T^(p^))®a^(p + ) + r k (p^,p + ). 



6.4. Annihilating ideals. Assume that II G / C omp(A°) is a microlocal idempotent of 
all orders near the set A introduced in (6.27), see Definition 6.8. We are interested in 
the following equations: 



where G± are pseudodifferential operators. The solutions to (6.39) form a right ideal 
and the solutions to (6.40) form a left ideal in the algebra of pseudodifferential oper- 
ators. Moreover, by (6.32), (6.33), each solution 6± to the equations (6.39), (6.40) 
satisfies cr(0 ± )| r± = near T± and each Q± such that WF/,(9±) nT± = solves these 
equations. 

Note that in the model case of §6.1, with II equaling the operator Op^(l) from (6.16), 
and with the quantization procedure Op h defined in (6.6), the set of solutions to (6.39) 
is the set of operators Op h (6L) with 6L| Xn=0 = 0; that is, the right ideal generated 
by the operator x n . The set of solutions to (6.40) is the set of operators Op h (9 + ) 
with 9+\^ n= o = 0; that is, the left ideal generated by the operator hD Xn . This follows 



in 57. 




IIO_ = 0(h°°) microlocally near A, 
6 + n = 0(h°°) microlocally near A, 



(6.39) 
(6.40) 
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from the multiplication formulas (6.13) and (6.14), together with the multiplication 
formulas for the standard quantization [Zw, (4.3.16)]. 

We start by showing that our ideals are principal in the general setting: 

Proposition 6.11. 1. For each defining functions (p± of Y° ± near Y±, there exist 
operators 0± solving (6.39), (6.40), such that cr(0±) = <p± nearT±. Such operators 
are called basic solutions of the corresponding equations. 

If ©±,©± are solutions to (6.39), (6.40), and moreover Q± are basic solutions, 
then there exist Z± G $ comp such that 0'_ = 0_Z_ + Oih 00 ) microlocally near T_ and 
Q' + = Z + Q + + 0(h°°) microlocally near T + . 

Proof. We concentrate on the equation (6.39); (6.40) is handled similarly. Since the 
equations (6.39) and 9' = Q_Z_ are linear in 6_ and 0',Z_, respectively, we can 
use (6.28) and a pseudodifferential partition of unity to reduce to the model case 
of §6.1. Using part 2 of Proposition 6.9, we can furthermore assume that II = Op£(l). 

To show part 1, in the model case, we can take B_ = Op ft (<^_), where <f-{x, £) is the 
given defining function of {x n = 0}. For part 2, if 6_ = Op ft (</?_) and ©'_ = Op h (9 ; _), 
then we can write microlocally near T_, 0_ = x n Y- + 0(h°°), where Y- G \|> comp is 
elliptic on T_; in fact, Y_ = Op /l (y?_/x n ). Similarly we can write G'_ = x n Yi + 0(h°°) 
microlocally near T_, for some Y'__ G \[/ com P; it remains to put Z_ = YZ V Y'_ microlocally 
near r_. □ 

For the microlocal estimate on the kernel of IT in §8.2, we need an analog of the 
following fact: 

/ g C°°(R") =^ f(x) - f(x', 0) = x n g{x), g G C°°(R n ), (6.41) 

where f(x', 0) is replaced by 11/ and multiplication by x n is replaced by a basic solution 
to (6.39). We start with a technical lemma for the model case: 

Lemma 6.12. Consider the operator S : C°°(lR n ) — > C°°(R n ) defined by 

Z f(x',X n ) = f( X '^n)-f(x',0) = f\ dxJ){x ^ tXn)dt 

x n Jo 

Then: 

1. S is bounded H l (R n ) L 2 (IR n ) and thus ||H || H i^ L 2 = 0(h- 1 ). 

2. The wavefront set WF^(S ) defined in $3.1 satisfies^ 

WF^(So) n T*(R n x R n ) c A(T*R n ) U A 
U{(x',0,Z,x',0,£M n ) | (x',£) G R 2n_1 ,t G [0, 1]}, 

5 It would be interesting to understand the microlocal structure of So, starting from the fact that 
its wavefront set lies in the union of three Lagrangian submanifolds. 
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where A(T*R n ) C T*R n x T*R n is the diagonal and A is defined using (6.3). 
Proof. 1. Put X t f(x',x n ) = (d Xn f)(x',tx n ); then 

||So/IUa< f\\Xtf\Wdt< I r 1 / 2 ||/|| fl idt<2||/|| fl i. 



2. Denote elements of T*(R n x M n ) by (x,^,y,rj). If x G C^°(R) is supported away 
from zero, then, with Op£(l) defined in (6.16), 

xWEo=^(l-Op{(l)). 

Xn 

Since xi x n)/x n is a smooth function, the identity operator has wavefront set on the 
diagonal, and WF h (Op£(l)) n T*(R n x M n ) c A , we find 

WF h (E ) n T*(IR n x R n ) n {y n ^ 0} C A(T*R n ) U A . 

Similarly, one has E x(x n ) = x(x n )/x n ; therefore, 

WF ft (So) n {x n ± 0} C A(T*R n ). 

To handle the remaining part of the wavefront set, take a, b G (T*R n ) such that 

(a/,ta n ,£) G suppa, t G [0,1] => (x,£,t£ n ) G'suppfr. 

We claim that for any ip G Cg°(M n ), 

Op,(&)^H o Op,(a)^ = 0(/O; (6.42) 

indeed, the Schwartz kernel of this operator is 

JC{y,x) = {2nh)- 2n [ e i((v-*)-v+V-*'>e+(t*»-x n )M 

</R 3n x[0,l] 

b(y,rj)'il;(z)(ih~ 1 £ n a(z , ,tz n ,(;) + {d Zn a)(z', tz n , £))i/)(x) d^dr]dzdt. 

The stationary points of the phase in the (£, r], z) variables are given by 

z = y, x = y', x n = ty n , rj = r) n = t£ n 

and lie outside of the support of the amplitude; by the method of nonstationary phase 
in the (£,T),z) variables, the integral is 0(h°°)c°°- Now, (6.42) implies that 

WF h (E Q ) n T* (R n x R n ) n {x n = y n = 0} 
C {(x',0,£,x',0,£',t£ n ) | GR 2n_1 , tG[0,l]}, 

which finishes the proof. □ 
The micro local analog of (6.41) in the general case is now given by 
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Proposition 6.13. Let U G / C omp(^°) be a microlocal idempotent of all orders near 
A and 0_ be a basic solution to (6.39), see Proposition 6.11. Then there exists an 
operator E : C°°(X) -»■ C^(X) such that: 

1. WF h (S) is a compact subset ofT*(M x M) and ||H|| L 2^ L 2 = ©(/T 1 ); 

2. WF h (S) C A(T*M) UA°UT, where A(T*M) C T*M x T*M is the diagonal 
and T consists of all (p_,p'_) such that p~,p'_ G T° and p'_ lies on the segment of the 
flow line o/V_ between p_ and 7r_(p_); 

5. 1 - II = 6_2 + 0(h°°) microlocally near K x K. 

Proof. By (6.28) and a microlocal partition of unity, we can reduce to the model 
case of §6.1. Moreover, by part 2 of Proposition 6.9, we may conjugate by a pseu- 
dodifferential operator to make II = Op^(l). Finally, by part 2 of Proposition 6.11 
we can multiply 0_ on the right by an elliptic pseudodifferential operator to make 
©_ = Op h (x n ). Then we can take H = AEqA, with So defined in Lemma 6.12 and 
A G \tr com P(R n ) compactly supported, with A = 1 + 0(h°°) microlocally near K. □ 



7. The projector n 

In this section, we construct the microlocal projector II near a neighborhood W of 
K PI p~ 1 ([o!o, Oil]) discussed in the introduction (Theorem 3 in §7.1). In §7.2, we study 
the annihilating ideals for II in W using §6.4. 

7.1. Construction of II. Assume that the conditions of §§4.1 and 5.1 hold. Consider 
the sets T° ± and K° = T° + n T°_ defined in (5.10) and let A° be given by (5.12). Put 

K := K np-\[a - <5i/2,ai + Si/2]) CK°, 

here 5i is defined in §5.4. The sets T± satisfy the assumptions listed in the beginning 
of §6, as follows from §§5.1 and 5.4. 

We choose 5 > small enough so that Lemma 5.1 holds (we will impose more 
conditions on S in §7.2) and consider the sets 

W := U s n p-\[ao - 5i/2, a x + 8 x /2}), 

_ ^ _ _ (7.1) 

T ± :=T° ± nW, A:= A° H(W xW). 

Here Us is defined in (5.8). We now apply Proposition 6.3; for 5 small enough, W, T± 
are compact and r±,A satisfy the conditions listed after (6.26). Then (6.30) defines 
the principal symbol o~\(A) on a neighborhood of A in A° for each A G J comp (A ). 

Theorem 3. Let the assumptions of $$4.1 and 5.1 hold for all r, let A° be defined 
in (5.12) and A C A° be given by (7.1). Then there exists U G / CO mp(A°), uniquely 
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defined modulo 0(h°°) microlocally near A, such that the principal symbol of H is 
nonvanishing on A and, with P G v]> com P(X) defined in Lemma 4-3, 

n 2 - n = 0(h°°) microlocally near A, (7.2) 

[P, n] = 0(h°°) microlocally near A. (7.3) 

Same can be said if we replace 0(h°°) above by 0(h N ), require that the full symbol 
of II lies in C 3N for some large N (rather than being smooth), and the assumptions 
of §5.1 hold for r large enough depending on N. 

Proof. We argue by induction, finding a family 11^, k > 1, of microlocal idempotents 
of all orders near A (see Definition 6.8) such that [P, Uk] = 0(h k+1 ) microlocally near 
A, and taking their asymptotic limit to obtain II. 

We first construct III. Take the microlocal idempotent of all orders II G / comp (A ) 
near A constructed in Proposition 6.10. Since the Hamilton field of p = c(P) is tangent 
to r±, dp is annihilated by the subbundles V± from §5.4; therefore, 

P{P±) =p{n±{p±)), p± e T° ± ; 

by (6.32) and (6.33), [P,U] = 0(h) microlocally near A. We write [P,U] = hS 
microlocally near A, where Sq G / C omp(A°) and by part 4 of Proposition 6.9, 

er A (Sb)(p-,P+) =a (P-)® s o(P+) + s o(P-)®«o(/ ? +)> ( 7 - 4 ) 

with Sq G C°°(T±;£±) vanishing on K near K and a% G C°°(r ± ;£: ± ) giving the 
principal symbol of II by (6.35). Here T± are the neighborhoods of T± in T± defined 
in (6.26). 

We look for Hi in the form 

III = e Qo ne- Qo , (7.5) 

where Qo G \l/ comp (X) is compactly supported and thus e ±Qo are pseudodifferential 
(see for example [Dyl2, Proposition 2.7]). We calculate microlocally near A, 

e- Qo [P, = [e- Qo Pe Qo , 5] = hS + [[P, Q ], fi] + 0(h 2 ). 

Here we use that e - Qo Pe Qo = P+[P,Q ] + 0(h 2 ). By (7.4), (6.32), (6.33), 

o- A (S + h- 1 [[P,Q },Il})(p_,p + ) 
= % (p_) ® (4(P+) - iH P °~(Qo)(p+W (/£>+)) 
+(*o + iH P cr (Qo)(p-)% (P-)) ® «o (P+)- 
It is thus enough to take any Qo such that for the restrictions q$ = cx(Qo)|f ± > the 
following transport equations hold near r±: 

H P qt = =BSo/ a o > ?o t li? = °- ( 7 - 6 ) 
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Such <2q exist and are unique and smooth enough by Lemma 5.2, giving III. Note that 
Lemma 5.2 can be applied near r^, instead of the whole r^_, since e tHp (T±) C for 
=pt > by part (2) of Lemma 5.1. 

Now, assume that we have constructed Tl k for some k > 0. Let Oq be the components 
of the principal symbol of given by (6.35). Then microlocally near A, [P, life] — 
h k+1 Sk, where S k G / C omp(A°) and by part 4 of Proposition 6.9, 

a A {S k ){p-,p + ) = Oq(p-) ® sjb(P+) + s k {p-) ®a+(p+), 

where G C°°(T±;S±) vanish on K near K. We then take 

n fe+1 = (1 + h k Q k )U k (l + h'Q,)- 1 (7.7) 

where Q k is a compactly supported pseudodifferential operator. Microlocally near A, 

[p, n fe+1 ] = h k+l s k + h k [[p, Q k },u k ] + o(h k+2 ). 

Therefore, = o~(Q k )\f ± need to satisfy the transport equations near T± 

H p q£ = Ti4/4, 9*1^ = 0- (7.8) 
Such exist and are unique and smooth enough again by Lemma 5.2, giving Ilfc+i- 

To show that the operator IT satisfying (7.2) and (7.3) is unique microlocally near 
A, we show by induction that each such II satisfies II = life + 0(h k ) microlocally near 
A. First of all, II has the form (7.5) for some operator Qq microlocally near A, by 
part 2 of Proposition 6.9; moreover, by the proof of this fact, we can take <j(Qo)\k = 
near K. Now, cr(Qo)\f, are determined uniquely by the transport equations (7.6), 
and this gives II = IT + O(h) microlocally near A. Next, if LT = Hfc + 0(h k ) for 
some k > 0, then, as follows from the proof of Part 2 of Proposition 6.9, II has the 
form (7.7) for some operator Q k microlocally near A, such that a(Q k )\x = near 
K. Then cr(Qk)\f, are determined uniquely by the transport equations (7.8), and this 
gives II = Ilfc + i + 0(h k+1 ) microlocally near A. □ 

7.2. Annihilating ideals. Let LT G / C omp(A°) be the operator constructed in Theo- 
rem 3. In this section, we construct pseudodifferential operators G± annihilating II 
microlocally near A; they are key for the microlocal estimates in §8. More precisely, 
we obtain 

Proposition 7.1. If 5 > in the definition (7.1) of W is small enough, then there 
exist compactly supported ± G \l/ comp (X) such that: 

(1) I10_ = 0(h°°) and 0+11 = 0(h°°) microlocally near A; 

(2) cr(O-t) = (p± near W, with (p± defined in Lemma 5.1; 
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(3) if P is the operator constructed in Lemma 4-3, then 

[P ; e_] = -i/i6_Z_ + 0(h°°), [P, 0+] = thZ + Q + + 0(h°°) (7.9) 

microlocally nearW , where Z± e \|/ com P(X) are compactly supported anda(Z±) = 
c± near W , with c± defined in Lemma 5.1; 

(4) z/Im9+ = ±(e + -Q* + ) and( = a(h- 1 ImQ + ), then 

H p ( = -c+C - c +} on r + near W] (7.10) 

(5) there exists an operator S : C°°(X) — > C^°(X), satisfying parts 1 and 2 of 
Proposition 6.13 and such that 

1 - n = 0_S + 0(h°°) microlocally near W x W. (7.11) 

Proof. The operators Q± satisfying conditions (1) and (2) exist by part 1 of Proposi- 
tion 6.11. Next, since [P, II] = 0(h°°) microlocally near A, we find 

u[p, e_] = o(h°°), [p, e+]n = o(h°°) 

microlocally near A; condition (3) now follows from part 2 of Proposition 6.11. The 
symbols cr(Z±) can be computed using the identity H p tp± = =Fc±y?± from part (2) of 
Lemma 5.1. Condition (5) follows immediately from Proposition 6.13, keeping in mind 
that by making S small we can make W contained in an arbitrary neighborhood of K. 

Finally, we verify condition (4). Taking the adjoint of the identity [P, G + ] = 
ihZ + Q + + 0(h°°) and using that P is self-adjoint, we get microlocally near W, 

[P,Q*+] = ihQ\Z* + . 

Therefore, microlocally near W 

2[?,r 1 Ime + ] = Z + Q + - &* + Z* + = [Z +i e + ]+2t((lmQ + )Z* + + + ImZ + ). 
By comparing the principal symbols, we get (7.10). □ 

8. Resolvent estimates 

In this section we give various estimates on the resolvent TZ(u), in particular proving 
Theorem 1. In §8.1, we reduce Theorem 1 to a microlocal estimate in a neighborhood of 
the trapped set, which is further split into two estimates: on the kernel of the projector 
IT given by Theorem 3, proved in §8.2, and on the image of LT, proved in §8.3. In §8.4 
we obtain a restriction on the wavefront set TZ(u) in oj on the image of II, needed 
in §10. Finally, in §8.5, we discuss the consequences of our methods for microlocal 
concentration of resonant states and the corresponding semiclassical measures. 
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8.1. Reduction to the trapped set. We take 5 > small enough so that the results 
of §7.1,7.2 hold, and define following (7.1) (with Si chosen in §5.4), 

W :=Usnp- 1 ([a -5 1 /2,a 1 + 6 1 /2}), W := U 5/2 np- x ([a - $i/4, e*i + *i/4]), (8.1) 

so that W is a neighborhood of if r\p~ 1 ([ao, ai]) compactly contained in W. Here C/j 
is defined in (5.8). 

For the reductions of this subsection, it is enough to assume that u> satisfies (4.1). 
The region (1.5) will arise as the intersection of the regions (8.9) and (8.11) where the 
two components of the estimate will hold. 

To prove Theorem 1, it is enough to show the estimate 

\HHi<Ch- 2 \\f\\ H2 + 0{ff°) (8.2) 

for each u = u(h) G H\ with HmH^ bounded polynomially in h and for / = V(uj)u, 
where oj = co(h) satisfies (1.5). 

Subtracting from u the function v constructed in Lemma 4.5, we may assume that 

WF fc (/) c W. 

Let S(uj) be the operator constructed in Lemma 4.3, S'(u) be its elliptic parametrix 
near U D W constructed in Lemma 3.3, and put 

u:=S(u)u, f:=S'(u)f, 

so by (4.9), for the operator P constructed in Lemma 4.3, 

(P -co)u = f microlocally near W, WF h (f) C W. (8.3) 

By ellipticity (Proposition 3.2) and since WF/ l (/) C W, 

WF h (u) n W C p-\[a - 5i/4, a x + 8 X /A\). (8.4) 

Let ip± be the functions constructed in Lemma 5.1. By Lemma 4.4, u satisfies the 
conditions (see Figure 5) 

WF h ( M )rWc {|^+| <5/2}, (8.5) 

WF h (u) n r° c W. (8.6) 

Indeed, if p G WF h (u) r\U, then either p G T + (in which case (8.5) and (8.6) follow 
immediately) or there exists T > such that for j(t) = e tHp (p), "/([— T, 0]) C U and 
7(— T) G WFft(/) C W . In the second case, if p G W, then by convexity of Us 
(part (5) of Lemma 5.1) we have 7([— T, 0]) C W. To show (8.5), it remains to use 
that H p if 2 + < on W, following from part (2) of Lemma 5.1. For (8.6), note that if 
p G r_, then j(-T) G T_ fl W; however, e tH "(T_ n W) cLnf for aU t > and 
thus p eW. 
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Figure 5. A phase space picture of the geodesic flow near W. The 
shaded region corresponds to (8.5) and (8.6). 

By Lemma 4.6, we reduce (8.2) to 

\\A 1 u\W<Ch- 2 \\f\\ L , + 0{h 00 ), (8.7) 

where A\ G \]/ com P(X) is any compactly supported operator elliptic on W . 

Now, let II G / comp (A°) be the operator constructed in Theorem 3 in §7.1. Note that 

(P - u)Uu = Uf + 0(h°°) microlocally near W, (8.8) 

since [P, II] = 0(h°°) microlocally near W x W, WF h (n) C A° C T°_ x T° + , and 
by (8.6). 

We finally reduce (8.7) to the following two estimates, which are proved in the 
following subsections: 

Proposition 8.1. Assume thatu,f are h-tempered families satisfying (8.3)-(8.6) and 

Reu) G [ofo, ai], Imu G [— (z^min — e)h, C h]. (8.9) 

Then there exists compactly supported A\ G v|/ comp (X) elliptic on W such that 

\\At(l - U)u\\ L 2 < Ch- x \\Sf\\v> + 0(h°°), (8.10) 

where H is the operator from part (5) of Proposition 7.1; note that by part 1 of Propo- 
sition 6.13, W~\\ L 2^ L 2 = 0(h- r ). 

Proposition 8.2. Assume that u, f are h-tempered families satisfying (8.3)-(8.6) and 
Rew G [a ,Qfi], lmue[-C^ 1 C h]\[-^^h i - J ^^-h) t (8.11) 
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Then there exists compactly supported A\ G \|> comp (X) elliptic on W such that 

\\AiYlu\\ L 2 < Chr l \\Ylf\\ L 2 + 0(h°°). (8.12) 
Note that by Proposition 6.1 and the reduction to the model case of §6.2, we have 

\\u\\ L ^ L2 = o(h-^). 

8.2. Estimate on the kernel of II. In this section, we prove Proposition 8.1, which is 
a micro local estimate on the kernel of II (or equivalently, on the image of 1—11). We will 
use the identity (7.11) together with the commutator formula (7.9) to effectively shift 
the spectral parameter to the upper half-plane, where a standard positive commutator 
argument gives us the estimate. 

By (8.8), we have microlocally near W, 

(P-u})(l-U)u=(l-U)f + 0(h°°) (8.13) 
Let 0_ G v|/ com P(X) and 5 be the operators constructed in Proposition 7.1, and denote 

v ■= Eu, g := Ef. 

Then microlocally near W, 

(i-n> = e_v, (i-n)/ = e_£. (8.14) 

Indeed, by part 2 of Proposition 6.13, (8.6), and the fact that WF h (Tl) C A° C Px^, 
we see that 1 — II = 0_H + 0(h°°) microlocally near (WF/,(m) \ W) x W, since each 
of the featured operators is microlocalized away from this region. Combining this 
with (7.11), we see that 1 — II = 6_H + C(/i°°) microlocally near WF fc (u) x W, and 
thus also near WF h (f) x W, yielding (8.14). 

By part 2 of Proposition 6.13 together with (8.4)-(8.6) and part (4) of Lemma 5.1, 
WF h (v) U WF h (g) C p-\[a - a, + 8 1 /A\), (8.15) 
(WF fc («) U WPM) r\W G {\(p + \ < 5/2}. (8.16) 

We now obtain a differential equation on v; the favorable imaginary part of the 
operator in this equation, coming from commuting 0_ with P, is the key component 
of the proof. 

Proposition 8.3. Let Z_ be the operator from (7.9). Then microlocally near W, 

(P-ihZ- -w)v = g + 0(h°°). (8.17) 

Proof. Given (8.14), the equation (8.13) becomes (P — oj)Q_v = 0_g + 0(h°°) mi- 
crolocally near W. Using (7.9), we get microlocally near W, 

0_(P - ihZ- - u)v = Q-g + 0{h°°). 
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To show (8.17), it remains to apply propagation of singularities (part 2 of Proposi- 
tion 3.4), for the operator 0_. Indeed, by part (4) of Lemma 5.1, for each p G W , 
there exists t > such that the Hamiltonian trajectory {e sHv - (p) | < s < t} 
lies entirely inside W and e tHv -(p) lies in {ip + = —5} and by (8.16) does not lie in 
WF h ((P-ihZ_ -u)v-S-g). □ 

We now use a positive commutator argument. Take a self-adjoint compactly sup- 
ported X- G M/ com P(X) such that WF h (X_) is compactly contained in W and cr(X-) = 
x{f-) near WnWF h (v), where y?_ is defined in Lemma 5.1, x £ C^°(—5, 5), s%'(s) < 
everywhere, and x = 1 near [—5/2,5/2]. This is possible by (8.15) and (8.16). Put 
Imu = hv; by (8.17) and since P is self-adjoint, 

Im(X_v,g) = - ((Z*_X_ + X_Z_ + 2uX_)v,v) 

^ 2 (8.18) 
+- ([P, X„]v, v) + 0(/i°°) = h(y.v, v) + 0(/i°°), 

where y_ G \|> com P(X) is compactly supported, WF h (y_) C WF /l (A'_) C W and, using 
the function c_ from part (2) of Lemma 5.1 together with part (3) of Proposition 7.1, 
we write near W PI WFh(v), 

(j(y-) = (c_ + f)x(V-) - ^pX(^-) = (c- + v)x(<P-) ~ \c-V-X\V-)- 

However, v > — {v m in — s) by (8.9) and by (5.9), c_ > {v m in — z) on VF; therefore 

cr(y_) > near WF fc (v), cr(^_) > near WF ft (w) n W. (8.19) 

To take advantage of (8.19), we use the following combination of sharp Garding in- 
equality with propagation of singularities: 

Lemma 8.4. Assume that Z,Q G \l/ comp (X) are compactly supported, WF h (Z), WF h (Q) 
are compactly contained in W , Z* = Z , and 

a{Z) > near WF h (v), a{Z) > near WF h {v) n W. 

Then 

\\Qv\\\ 2 < C(Zv, v) + Ch- 2 \\g\\ 2 L2 + 0(h°°). (8.20) 

Proof. Without loss of generality, we may assume that Q is elliptic on WF/,(Z) U W . 
There exists compactly supported Qi G \l/ comp (X), elliptic on W, such that a[Z — 
QiQi) > near WFh(v) and Q is elliptic on WF/ l (Qi). Applying sharp Garding 
inequality (Proposition 3.6) to Z — QlQi, we get 

\\QM\h < c i Zv , v ) + Ch\\Qvf L2 + 0(h°°). (8.21) 
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Now, by (8.15), (8.16), and since H p tp 2 _ > on W\r_ by part (2) of Lemma 5.1, each 
backwards flow line of H p starting on WF h (Q) reaches either WF h (Qi) or the comple- 
ment of WF/i(t>), while staying in W; by propagation of singularities (Proposition 3.4) 
applied to (8.17), 

\\Qv\\ L 2 < C\\Q lV \\ L i + Ch-'WgW^ + 0(h°°). (8.22) 
Combining (8.21) and (8.22), we get (8.20). □ 

Now, there exists A\ 6 i|/ com P(X) compactly supported, elliptic on W and with 
WF/,(ii) compactly contained in W, such that the estimate 

\(X-V,g)\ < ehWA^Wli + Csh^WgWli + 0(h°°) (8.23) 

holds for each e > and constant Cg dependent on e. Taking e small enough and 
combining (8.18), (8.20) (for Z = y_ and Q = A^, and (8.23), we arrive to 

\\A lV \\ L 2 < Ch- l \\g\\ L 2 + 0{h°°). 
Since (1 — Il)-u = B_f microlocally near W, we get (8.10). 

8.3. Estimate on the image of II. In this section, we prove Proposition 8.2, which is 
a microlocal estimate on the image of II. We will use the pseudodifferential operator B + 
microlocally solving 6+II = 0(h°°) to obtain an additional pseudodifferential equation 
satisfied by elements of the image of II. This will imply that for a pseudodifferential 
operator A microlocalized near K, the principal part of the expression {AUu(h), Uu(h)) 
depends only on the integral of u(A) over the flow lines of V+, with respect to an 
appropriately chosen measure. A positive commutator estimate finishes the proof. 

By (8.8), we have microlocally near W, 

(P -u)Tlu = Tlf + 0(h°°). (8.24) 
Let + G v|/ com P(X) be the operator constructed in Proposition 7.1, then by (8.6), 

Q+Uu = 0(h°°) microlocally near W. (8.25) 

We start with 

Lemma 8.5. Let ( := a{h~ l ImO + ). Take the function ip on T + n W such that 

{^ + ,^} = 2C, Vk = 0. (8.26) 
Assume that A G ^ com P(X) satisfies WF h (A) m W and 

J (e^o-(A)) o e sH *+ ds = on K. (8.27) 

The integral in (8.27), and all similar integrals in this subsection, is taken over the 
interval corresponding to a maximally extended flow line of H ip+ in T + PI W. 
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Then there exists compactly supported Aq G v|> comp (X) with WF h{Ao) (s W such that 
\(AUu,Uu)\ < Ch\\A Uu\\ 2 L 2 + 0(h°°). 

Proof. By (8.27), there exists q G C^(W) such that {<p + , e^q} = e^a(A) on T + . We 
can rewrite this as 

W + ,q} + 2(q = o-(A) onr + . (8.28) 
Take Q, Y G \|/ com P(X) microlocalized inside W and such that <r(Q) = q and 

<r(A) = {<p + ,q} + 2(q + a(Y)p + . 
Then A = (z/i)- 1 (Q6+ - Q* + Q) + F6+ + 0(/i)^co mp and thus for some A , 

+O{h)\\A Uu\\ 2 L2 + 0{h°°). 
The first three terms on the right-hand side are 0(h°°) by (8.25). □ 

Now, take compactly supported self-adjoint X + G ^ comp (X) such that WF h (X + ) is 
compactly contained in W and the symbol x+ := cr (^+) satisfies x+ > everywhere, 
X+ > on W, and 

y (e V 'x+) o e sHv+ ds = 1 on if np _1 ([a - V 4 > «i + V 4 ])- ( 8 - 29 ) 
Putting Imw = hu, we have by (8.24) 

im(x+uu, uf) = hu(x + u u , uu) + ^([p, * + ]ilu, n«) + 0(/i°°) 3Q 
= fcQ> + nu, n«) + o{h°°), 

where ^+ G ^ com P(X) is compactly supported, WF h {y + ) C WF h (X + ) C V?, and 

^(^+) = VX+ ~ H pX+ /2. 

We now want to use Lemma 8.5 together with Garding inequality to show that 
(y + Uu, Uu) has fixed sign, positive for v > — (u min — e)/2 and negative for v < 
-((/ max + s)/2. For that, we need to integrate o~(y + ) over the Hamiltonian flow lines 
of (p + on T + , with respect to the measure from (8.27). This relies on 

Lemma 8.6. If c + is defined in Lemma 5.1, then 

J(e< p H pX +)oe sH *+ds = -c + on K n p -1 ([a - <5i/4, c*i + 5i/4]). (8.31) 
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Proof. By part (2) of Lemma 5.1, we have on T + PI W 

(e sH "+)*d s (e- sH *+)*H p = -[H P ,H V+ ] = c + H v+ . 

Therefore, we can write (at p G K and s such that e sHlp + (p) G W) 

(e" s ^+ )*H P = H P + w{s)H v+ on K 

where w(s) is the smooth function on K x R given by 

d s w{s) = c+ o e s ^+, w(0) = 0. 

Now, differentiating (8.29) along H p and integrating by parts, we have on iTnp _1 ([ao — 
<fi/4,an + <?i/4]) 

J (H p (e^ X+ )) o e sH - + ds = J (H p + w(s)d s )((e^ X+ ) ° e s ^+) tfo 
= - J{e i 'c +X+ )oe sH ^ ds; 

therefore, 

y (e^H pX+ ) o e s ^+ ds = - y (e^(c+ + H P ^) X+ ) o e sH *+ ds. (8.32) 

Now, we find on T+ n by (8.26) and (7.10), 

Hp+HpiP = (H p + c+)H v+ i) = 2(H P + c+)C = -H ip+ c+. 
We have oiifnlf, F P V = °; thus 

c + + = c + o 7r + on r + n 14 7 
and by (8.32) and (8.29), on Knp-\[a - SJ4, ai + SJ4}), 

J (e^H pX+ ) o e sH *+ ds = -c+ J (e^ X+ ) o e' H *+ ds = -c+. 

This finishes the proof of (8.31). □ 

Using (8.29), (8.31), and Lemma 8.5 (taking into account (8.4)), we find for some 
compactly supported A 1 G $ comp with WF ft (Ai) C and Al elliptic on W U 
WF h (^), 

(y+Uu,Uu) = (Z+Uu,Uu) + 0(h)\\A 1 Ilu\\ 2 L 2 + 0(h°°) 
where Z + G v|/ comp (X) is any self-adjoint compactly supported operator with WF h (Z + ) C 
W and 

ct(Z+) = + (c+ ott + )/2)x+ on T + . 

Then by (8.30), 

im(Ar+nu, n/) = fc(z + nu,nu) + o(/i 2 )p 1 n«||^ + o(h°°). (8.33) 
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Now, by (5.9), i/ min — e < c + < z/ max + e on K, therefore, keeping in mind that 
WF ft (IIu) C r;, we find 

o{Z+) > near WF h {Uu) for v > -(i/^ - e)/2, (8.34) 
< near WF h (Uu) for z/ < -(z/ max + e)/2. (8.35) 

Moreover, in both cases o~(Z + ) ^ on WF^IIiiJnlf'. We now combine sharp Garding 
inequality and propagation of singularities for the operator + : 

Lemma 8.7. Assume that Z,Q G v|/ com P(X) are compactly supported, WF h (Z), WF h (Q) 
are compactly contained in W , Z* = Z , and 

cx(Z) > near WF h (Uu), a(Z) > near WF h (Uu) n W. 

Then 

\\Q~Ru\\ 2 L 2 < C{ZUu } Uu) + 0(h°°). (8.36) 

Proof. We argue similarly to the proof of Lemma 8.4, with (8.22) replaced by 

\\QUu\\ L 2 < CHQillull^ + 0(h°°). (8.37) 

The estimate (8.37) follows from propagation of singularities (Proposition 3.4) applied 
to (8.25). Indeed, by part (4) of Lemma 5.1 together with (8.4), for each p e W PI 
WF h (Uu) C T+, there exists t e R such that e tHv +{p) e W and e sH ^+(p) G I? for 
each s between and t. □ 

Using (8.36) (for Z = ±Z + ,Q = Ai), (8.33), and an analog of (8.23), we complete 
the proof of (8.12). 

8.4. Microlocalization in the spectral parameter. In this section, we provide a 
restriction on the wavefront set of solutions to the equation (P — u)u — f in the 
spectral parameter u>, needed in §10. We use the method of §8.3, however since Re a; 
is now a variable, we will get an extra term coming from commutation with the mul- 
tiplication operator by uj. Because of the technical difficulties of studying operators 
on product spaces (namely, a pseudodifferential operator on X does not give rise to a 
pseudodifferential operator on X x (a , «i) since the corresponding symbol does not 
decay under differentiation in £ and thus does not lie in the class S k of §3.1), we use 
the Fourier transform in the u variable. 

Proposition 8.8. Fix v G [—Co, Co] and put u = a + ihv, where a G (ao, ckj) 
is regarded as a variable. Assume that u(x,a;h) G C([a , cti]; Hi), f(x,a;h) G 
C([cko, Qfi]; Hq) have norms bounded polynomially in h, satisfying (8.3)-(8.6) uniformly 
in a. Define the semiclassical Fourier transform 

roci ^ 

u(x,s;h)= / e~~^u(x,a;h) da, (8.38) 

J QO 
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and f(x, s; h) accordingly. Then there exists A\ G \l/ comp (X) elliptic on W such that: 
1- If v > — (zVm — then for any fixed s G WL, 

\W\\l* M -oo,s 0]) lUx) = 0(h°°) =► p i n^o)||L| W = 0(^° o ). (8.39) 

-2- If v < — (fmax + s)/2, i/ien /or any /ixed so G E, 

||n/|U 2([S0 ,oo))iS(x) = 0(/O =► ||A 1 n M ( S o)||L iw = 0(^ 00 ). (8.40) 

Proof. We consider case 1; case 2 is handled similarly using (8.35) instead of (8.34). 
Since u(a), f{ct) are /i-tempered uniformly in a, their Fourier transforms u(s), f(s) are 
/i-tempered and satisfy (8.3)-(8.6) in the L 2 sense in s; therefore, the corresponding 
0(h°°) errors will be bounded in l? s for expressions linear in u, f and in L\ for expres- 
sions quadratic in u, f. We also note that for each j, the derivatives d 3 s u(s), d 3 s f(s) are 
/i-tempered uniformly in s G R and also in the L 2 sense in s. 

Taking the Fourier transform of (8.8), we get 

(hD s + P - ihu)Uu{s) = 11/ (s) + ©CO^C*) microlocally near W. (8.41) 
We use the operators X + ,Z + ,A 1 from §8.3. Similarly to (8.33), we find 

lm(X + Uu(s),Uf(s)) = ^d s (X + Tlu(s),Tlu(s)} 

+h(z + m(s),m( s )) + o(h 2 )\\A 1 m(s)\\l l + o{h°°) Lim . 

Integrating this over s G (— oo, So), by the assumption of (8.39), we find 

/SO 
(Z + Uu(s),Uu(s))ds 
-oo (8.42) 

<c7/i||A 1 nt*( s )||^ (( _ 0Oi-l)])£8 + o(/i 00 ). 

Applying Lemma 8.7 to Q = A\ and Z = Z + , X + , and using (8.34), we get 

\\Am{s) \\% <C{Z + Tlu{s),m{s)) + 0{h x ') Lim , (8.43) 
\\AxYlu{s )f Ll < C(X + m(s ),Uu(s )} + 0(h°°). (8.44) 

Combining (8.42) with (8.43), integrated over s G (— oo, sq], and (8.44), we get the 
conclusion of (8.39). □ 

8.5. Localization of resonant states. In this section, we study an application of 
the estimates of the preceding subsections to microlocal behavior of resonant states, 
namely elements of the kernel of V(u) for a resonance u. Assume that we are given a 
sequence hj — >■ 0, and u(h) G C, u(h) G Hi, defined for h in this sequence, such that 

V(u)u = Q, ||u|| Wl = l; 
Recu G [ao, «i], Imw G [— (^W — e)h, C h]; 
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the condition on u is just (8.9). We also use the operators S(cj) and P from Lemma 4.3 
and put 

u := S{u)u, (8.46) 

so that 

(P - u)u = 0(h°°) microlocally near U. (8.47) 

We say that the sequence u(hj) converges to some Radon measure p on T*X, and we 
call p the semiclassical defect measure of u (see [Zw, Chapter 5]) if for each compactly 
supported A G \E f0 (M), we have 

(Au,u) -t / a{A)dp ashj^O. (8.48) 
Jt*m 

Such p is necessarily a nonnegative measure, see [Zw, Theorem 5.2]. 

Theorem 4. Let u(h) be a sequence of resonant states corresponding to some res- 
onances oj(h), as in (8.45), and u defined in (8.46). Take the neighborhood W of 
K fl p _1 ([a ) a i\) defined in (7.1). Then: 

(1) WF h (u)nu c r+np-HKai]); 

(2) /or eac/i Ax G \[/ com P(X) elliptic on K fl p _1 ([a:o, ^ere exists a constant 
c > independent of h such that \\Aiu\\ L 2 > c; 

(3) m = LTm + 0(h°°) and Q + u = 0(h°°) microlocally near W , where II is con- 
structed in Theorem 3 in $7.1 and 0+ is the pseudodifferential operator from 
Proposition 7.1; 

(4) there exists a smooth family of smooth measures p p , p G K fl p~ 1 ([ao, «i]) ; on 
the flow line segments 7r^ 1 (p) fl W C T + o/ V+, independent of the choice of 
u, such that if u converges to some measure p on T*M in the sense of (8.48), 
and Reu(hj) — >■ u^, h~ x Imu(hj) — » v as hj — > 0, £/ien /ias £/ie /orm 



= / Vpdfi(p), (8.49) 

/or some nontrivial measure pi on K flp _1 ((X' 00 ), suc/i that for each b G C°°(ii'), 

/ P p 6 - (2v + c+)b dp = 0, (8.50) 

with the function c + defined in Lemma 5.1. 

Remark. The equation (8.50) is similar to the equation satisfied by semiclassical 
defect measures for eigenstates for the damped wave equation, see [Zw, (5.3.21)]. 

Proof. Part (1) follows immediately from Lemma 4.4, part (2) follows from Lemma 4.6 
and implies that p\^ is a nontrivial measure in part (4). By the discussion in §8.1, 
u satisfies (8.3)-(8.6), with / = 0. The first statement of part (3) then follows from 
Proposition 8.1. Indeed, we have (1 — H)u = 0(h°°) microlocally near the set W 
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introduced in (8.1); it remains to apply propagation of singularities (Proposition 3.4) 
to (8.13), using Lemma 4.1. The second statement of part (3) now follows from (8.25). 

Finally, we prove part (4). First of all, p\u is supported on T + by part (1), and 
on p^iujoo) by (8.47) and the elliptic estimate (Proposition 3.2; see also [Zw, Theo- 
rem 5.3]). Next, note that by Lemma 8.5 and since u = Uu + 0(h°°) microlocally near 
W, we have for each a E C£°(W) and the function ip given by (8.26), 

J(e i 'a)(e sH *+(p))ds = for all p G if fl p^ 1 (cu OQ ) => Jadp = 0. 

This implies (8.49), with 

J adfx p := J (e^a)(e sH *+(p))ds, a E C™{W), p E K n p" 1 ^). 

To see (8.50), we note that by (8.47), for each a E C£°(W) we have (see the derivation 
of [Zw, (5.3.21)]) 

J H p a-2uadp = 0. (8.51) 

Put b(p) = J adpp for p E K fl p _1 (woo). Similarly to Lemma 8.6 (replacing 1 by b(p) 
on the right-hand side of (8.29)), we compute 

J H p adp p = H p b(p) - c + (p)b(p), p E Knp^iuoo) 

and (8.50) follows by (8.51). □ 



9. Grushin problem 

In this section, we construct a well-posed Grushin problem for the scattering resol- 
vent, representing resonances in the region (8.9) as zeroes of a certain determinant 
F(lu) defined in (9.25) below. Together with the trace formulas of §10, this makes 
possible the proof of the Weyl law in §11. 

We assume that the conditions of §§4.1 and 5.1 hold, fix e > (to be chosen in 
Theorem 2), and use the neighborhoods W C W of K np _1 ([a , cti]) defined in (8.1); 
let 5, 5\ > be the constants used to define these neighborhoods. Take compactly 
supported Q11Q2 G \l/ comp (X) such that (with Us defined in Lemma 5.1) 

Qx — 1 + 0(h°°) microlocally near Us/a np _1 ([ao — ^i/6, a\ + d>i/6]), 
Q 2 = 1 + 0(h°°) microlocally near U 5 / 3 H p _1 ([« - *i/5, «i + St/5]), (9.1) 
WF A (Qi) d Us/anp-^ao - <Ji/5,«i + <*i/5]), WF h (Q 2 ) m W. 
We will impose more restrictions on Qi later in Lemma 9.2. 
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Using the operator V{u) : H\ —> H 2 from §4.1 and the operator S(cj) constructed 
in Lemma 4.3, define the holomorphic family of operators 

Here II G / C omp(A°) is the operator constructed in Theorem 3 in §7.1; it is a microlocal 
idempotent commuting with the operator P from Lemma 4.3 microlocally near the set 
A = A° R (W n W). Note that, since Qi,Q2 are microlocalized away from fiber infinity, 
G(<jS) is a compact perturbation of V(u) © 1, and therefore Fredholm of index zero. 

In this section, we will prove 
Proposition 9.1. There exists a global constant? N such that for u satisfying (8.9), 

\\G{u)- 1 \\« a 9^H l9 v = 0(h- N ). (9.2) 

Moreover, if 

SW-^fcfl 5"MY (9-3) 



JZ 21 (u) TZ 22 (W), 

i/ien lZ 22 {u) = 1 — L 22 {u) + C ) (^ 00 )x"-s>c§ ) where L 22 {u) G J comp (A ) zs microlocalized 
inside A and i/ie symbol a\(L 22 ) defined in (6.30) satisfies 



a(Q 1 )(p) 2 + ( P (p)-co)a(Q 1 )(p) 



a A (L 22 (u))(p, p) = — , p G AT. (9.4) 

<nQi)(p) 2 + 00) - w)HQi)0) - 1) 

To prove (9.2), we consider families of distributions u(h) EHi,f(h) G T-L 2 , v(h), g(h) G 
L 2 (X), bounded polynomially in h in the indicated spaces and satisfying G(u,v) = 
(f,g), namely 

V{u)u + S{u)Q l UQ 2 v = f, (9.5) 
Q 1 UQ 2 S(u)u + {l~Q 1 UQ 2 )v = g. (9.6) 
Note that by (4.9), (9.5) implies 

(P - u)S(u)u + QiHQ 2 v = S'(u)f + 0(h°°) microlocally near U. (9.7) 
Here S'(u) is an elliptic parametrix of S(u) near U constructed in Proposition 3.3. 
To show (9.2), it is enough to establish the bound 

IMk + II^IU- < Ch- N (\\f\\n 2 + \\g\\ L2 ) + <D(h°°). (9.8) 
We start with a technical lemma: 

Lemma 9.2. There exists Qi G \|> comp (X) satisfying (9.1) and such that 

°(Qi) 2 + 0-^)HQi) - 1) ^ onlf/or aMwe [a ,ai]. (9.9) 



6 A more careful analysis, as in §8, could give the optimal value of N\ we do not pursue this here 
since the value of N is irrelevant for our application in §11. 
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Proof. It suffices to take Qi such that (t{Q\)\k — i>(p), where i/j G C^°(a — Si/5, «i + 
Si/ 5) is equal to 1 near [a — Si/6, a% + 5i/ '6] and 

^(A) 2 + (A-w)(^(A)-l) ^0, A G R, u G [a ,ai]. (9.10) 

We now show that such if) exists. The equation (9.10) holds automatically for A G" 
(cto — S\/5, ai +S\/5), as ip = there and the left-hand side of (9.10) equals w-A ^ 0. 
This however also shows that a real- valued ip with the desired properties does not exist. 
We take Reip G C^°(a — 5i/5,«i + <5i/5) equal to 1 near [a — <5i/6,ai + <5i/6] and 
take values in [0, 1] and Imip <E C^°(ai + Si/ 6, a\ + <5i/5) a nonnegative function to be 
chosen later. Then the left-hand side of (9.10) is equal to 1 for A G [a — 5i/6, ai + Si/6] 
and is positive for A G [a — 5\/5, a — Si/6}. Next, the imaginary part of (9.10) is 

Im^(A)(2Re^(A) + A-w). 

Since 2 Re ip( A) + A — lo > for A G [azi+5i/6,azi+5i/5], it remains to take Im-0(A) > 
on a large compact subinterval of (cti + Si/6, a>\ + #i/5); then ip satisfies (9.10). □ 

Using Lemma 9.2, we determine v microlocally outside of the elliptic region: 

Proposition 9.3. Let Q\ be chosen in Lemma 9.2. Then there exist L| 1 (o;), L\ 2 {iS) G 
-f C omp(A°) holomorphic in lo, microlocalized inside A, and such that for all u,v,f,g 
satisfying (9.5), (9.6) 7 

v = L*J + (l-Lt 2 )g (9.11) 

microlocally outside ofT + fl W np _1 ([a — Si/8, «i + 5i/8]). Moreover, a A {L\ 2 ) satis- 
fies (9.4) forp^p- 1 ([a -S 1 /8,a 1 + 5 1 /8]). 

Proof. Using Proposition 3.3, construct compactly supported R e (u) G \l> comp (X) such 
that R e (u){P - u) = 1 + 0{h°°) microlocally near W \ p _1 (a - 5i/8,ai + SJ8). 
By (9.7), we get 

S(u)u = R e {u){S'{u)f - Q l UQ 2 v) + 0{h°°) 

microlocally near W \ p _1 (ao — <5i/8, a± + S\/8). Substituting this into (9.6), we get 

(1 - L')v = g- Q 1 UQ 2 R e (io)S'(u J )f + 0(h°°) (9.12) 

microlocally outside of T + fl W fl p _1 ([a — <5i/8, ai + <5i/8]), where L' = QiUQ 2 (l + 
R e (u)Q 1 UQ 2 ) G J comp (A°) and WF h {L') C A. 

Let cta(L') be the symbol of L', defined in (6.30). By (6.31)-(6.33), and since 
0^(11)1^ = 1 near W (see part 1 of Proposition 6.9 or §7.1), we find for p G K \ 
p _1 («o - <5i/8, «i + <5i/8), 

a A (L')(p, p) = a(Qi)(p)(l + a(Q 1 )(p)/(p(p) - to)); 

it follows from (9.9) that 

a A (L')\ K ^l outside of p _1 (a -5i/8,ai + 5i/8). (9.13) 
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By Proposition 6.6, there exists L\ 2 {uo) 6 / comp (A°), with WF^(L| 2 ) C A, such that 
(1 — L 22 )(l — L') = l + 0(h°°) microlocally outside of p' l {\a - 5J8, «i + 5J8]), and 
note that the symbol o~\ (L 22 ) satisfies (9.4) for p ^ p _1 ([ao — <5i/8, «i +5i/8]) by (6.34). 
By (9.12), we get (9.11) with L^ 2 (w) = -(1 - Lf 2 (w))QinQ 2 fl e M«S'(a;)- □ 

By Proposition 9.3, replacing v by A e v, where A e e v]> com P(X) is compactly sup- 
ported, WF h (A e ) cWn p _1 (ao - V 7 >«i + V 7 ), and = 1 + 0(h°°) near TF n 
p^ 1 ([a — 61/8, «i + 5i/8]), we see that it is enough to prove (9.8) in the case 

WF h (v) Ci/n p-\[a - 5J7, a x + 5 1 /7\). (9.14) 

Using Lemma 4.5, considers' 6 "Hi such that Hw'H?^ < C/iT 1 1|/||^ 2 and WF/,(?(w)«'- 
/) C WFft,(<5i)nj9 _1 ([Q;o— 5i/7, «i+5i/7]). Subtracting w' from u, we see that is suffices 
to prove (9.8) for the case 

WF h (/) C WF h (Q 1 )np- 1 ([a -8 1 /7,a 1 + 5i/7]). (9.15) 

By (9.14), the wavefront set of V{oj)u = f — S(u)QiIlQ 2 v satisfies (9.15). Arguing as 
in §8.1, and keeping in mind (9.7), we see that u satisfies (8.4)-(8.6); in fact, (8.4) can 
be strengthened to 

WFft(u) n W C p-\[a - 5,17, a, + 8 x /7\). (9.16) 
and (8.6) can be strengthened to 

WFft(u) n V°_ C U s/ 3 n p-\[a - 8 x /7, a x + 5i/7]). (9.17) 
We can now solve for v. 

Proposition 9.4. Assume that u,v, f, g satisfy (9.5), (9.6), (9.14), (9.15). Then 

v = QiILSV)/ + (1 - Qt(P -u + l)UQ 2 )g + 0(h°°) CS °. (9.18) 

Proof. Since n 2 = U + 0(h°°) microlocally near W x W and Qi — 1 + 0(h°°) microlo- 
cally near K fl p _1 ([« — 5i/6, «i + 5i/6], we have 

nQxn = n + C(/i°°) microlocally near (W ? np~ 1 ([a -5i/6, aj + <?i/6])) x VF. (9.19) 

We rewrite (9.6) as 

QxUQ^S^u - g) + (1 - QiIlQ 2 )(t; - #) = 0. (9.20) 

It follows immediately that WF/,(t) — g) C WF/j(<5i) and thus Q 2 {y — g) = v — g + 
^(/i 00 )^. Also, by (9.6), (9.14), and (9.16), WF h (g) C WDp-^fao- V 7 , ai + V 7 D- 
Applying n to (9.20) and using (9.14), (9.16), and (9.19), we get T1Q 2 S(uj)u - UQ 2 g = 
0{h°°) microlocally near W. By (9.17), we have UQ 2 S{u)u = US{u)u + 0{h°°) cs °] 
therefore, 

US(u)u = UQ 2 g + 0(h°°) microlocally near W. (9.21) 
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Then (9.20) becomes 



v = Q{n.Q 2 v + (1 - Q 1 UQ 2 )g + 0{h°°) c °°. 



(9.22) 



Applying II to (9.7), using that [P, II] = 0(h°°) microlocally near W x W, and keeping 
in mind (9.17), we get 

(P - uj)TIS(uj)u + UQ 2 v = US'(u)f + 0(h°°) microlocally near W. (9.23) 

Together, (9.21) and (9.23) give 

UQ 2 v = HS'(u)f ~(P- w)nQ 2fl + 0(h°°) microlocally near W. 

By (9.22), we now get (9.18). □ 

By Proposition 9.4, we see that 



By Proposition 8.1 (using (9.7) instead of (8.3)), we get for some A\ G \|> com P(X) 
elliptic near W, 



Combining this with (9.21), we estimate ||Aiu||i2 by the right-hand side of (9.24). 
Applying Lemma 4.6 to (9.5), we can estimate by the same quantity, completing 

the proof of (9.8). 

It remains to describe the operator 1Z 22 from (9.3). We assume that u,v,f,g sat- 
isfy (9.5), (9.6) and / = 0; then TZ 22 g = v. By Proposition 9.3, v = (1 - L e 22 )g + 0(h°°) 
microlocally outside of W np _1 ([ao — 5i/8, an + ^i/8]); it then suffices to describe v 
microlocally near W H p~ 1 ([a;o _ ^i/8, cx\ + d>i/8]). Let A e be the operator introduced 
before (9.14) and R e (u) be an elliptic parametrix for P — u constructed in the proof 
of Proposition 9.3. Replacing (u,v) by (u + S'{oj)R e {uj)QiIiQ 2 (l — A e )v, A e v), we may 
assume that (9.14) and (9.15) hold, and in fact the resulting / is 0(h°°)c™ and the re- 
sulting g coincides with the original g microlocally near Wr\p~ 1 ([ao — 5i/8, ati + 5i/8]). 
By Proposition 9.4, we now get for the original v and g, 

v = (l-g 1 (P-w+l)nQ 2 )^+C(/i 00 ) microlocally near T?np -1 ([a -5i/8, ai+^/8]). 

Note that Qi(P — uj + 1)HQ 2 G / C omp(A°) and its principal symbol satisfies (9.4) in 
j9 _1 ([o;o — 5i/8,«i + Si/8]), since <t(Qi)\k = 1 in that region. This finishes the proof 
of Proposition 9.1. 

By Proposition 9.1, lZ 22 (u) — 1 is a compactly supported operator mapping H^ N — > 
Hff for all N, therefore it is trace class. We can then define the determinant (see for 
instance [Ta, (A. 6. 38)]) 



v\\ L * <Ch- N (\\f\\n 2 + \\g\\L*) + 0(h°°). 



(9.24) 



A 1 (l - U)S(co)u\\ L 2 < Ch- N (\\f\\ n2 + \\g\\ L2 ) + 0(h°°). 



F(u) := detn 22 (cu), 



(9.25) 
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which is holomorphic in the region (8.9) and F(u) = if and only if TZ 22 (uj) is not 
invertible (see [Ta, Proposition A. 6. 16]). The key properties of F needed in §11 are 
established in 

Proposition 9.5. 1. Resonances in the region (8.9) coincide (with the multiplicities 
defined in (4.3) ^ with zeroes of F(u). 

2. For some constants C and N, we have \F(oj)\ < e Ch N for oj in (8.9), and 
\F(u)\ > e~ Ch for uj in the resonance free region (1.5). 

3. For u in the resonance free region (1.5), we have 

= _ Tr ((l - Q 1 UQ 2 - Q 1 US(u)n(u)S(u)Q 1 UQ 2 )d u) L 22 (u)) + 0(h°°). 
Here L 22 (u) is defined in Proposition 9.1. 

Proof. 1. By Schur's complement formula [Zw, (D.l.l)], and since Q{oS) is invertible 
by Proposition 9.1, we know that V(u>) is invertible if and only if TZ 22 {ui) is, and in 
fact 

v(uj)- 1 = Kn(u) - n 12 (tu)n 2 2(uj)- 1 n 21 (uj). (9.26) 

To see that the multiplicity of a resonance defined by (4.3) coincides with the 
multiplicity of uq as a zero of the function F(u) (and in particular, to demonstrate 
that the multiplicity defined by (4.3) is a positive integer), it is enough to show that 

Tr / Viu^duViu;) dtu = ^-Ti(( n 22 {ojy 1 d ui n 2 2{oj) dco; (9.27) 
2tt? 2tt? J Uo 

indeed, since d^lZ^iu) is trace class, we can put the trace inside the integral on the 
right-hand side of (9.27), yielding d w F(u>)/F(u); therefore, the right-hand side gives 
the mutliplicity of ujq as a zero of F(u) by the argument principle. 

Since d UJ (Q(uy 1 ) = —G(tuy 1 (d UJ Q(uj))Q(iuy 1 , we have 

dJR, 22 {u) = -K 21 (u))(duV(u))Ki 2 (u)) + A{uo)TZ 22 (uj) +TZ 22 (uj)B(uj), 

where A(co), B(cu) : L 2 (X) — > L 2 (X) are bounded operators holomorphic at ojq. By (9.26), 
(9.27) follows from the two identities 

Tr <b n 12 {u)K 22 {ujy 1 n 2X {u)dJP{uj)djuj = TY <b K 22 {uy l K 2 i{u){dJP{u))K 12 {uj)<kj, 
Tr I n^uy^A^n^uj) + U 22 {u)B{u)) du = o. 

J UJQ 

Both of them follow from the cyclicity of the trace, replacing TZ^uj)' 1 by its finite- 
dimensional principal part at uq and putting the trace inside the integral. 

2. By Proposition 9.1, the trace class norm || 72-22 (w) — 1 1 1 Tr is bounded polynomially 
in h. Using the bound | det(l + T)| < e" T " Tr (see for example [Ta, (A. 6. 44)]), we get 
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< e Ch . By Theorem 1, we have ||72.(o;)||^ 2 ^ 1 < Ch 2 when uj satisfies (1.5). 
Using Schur's complement formula again, we get 



Then H^M -1 - 1||tt < Ch' N and thus ^(w)! -1 = | det^M -1 )! < e Ch 
3. By Proposition 9.1, we have dJTZ 22 {uj) = —d w L 22 (co) + 0{h°°)vi^c°°i thus 



For that, it suffices to show that the intersection of the wavefront set of the operator 
on the left-hand side with the diagonal in T*X is empty. We assume the contrary, 
then there exists p G T*X such that 

(p,p) G WF fc (QiII(l - Q 2 )S{u)n{u)S{u)Q l UQ 2 d u) L 22 {uj)). 

Since both II and d^L 22 are microlocalized inside A° C T°_ fl T° + , we see that p G K° = 
T° + n T° . There exists p' G T*X such that 

(p, p') G WF A («S(o;)^(a;)<S(a;)g 1 nQ 2 5 a)J L 22 (a;)) ) (p', p) G WF /l (Q 1 n(l - Q 2 )). 

For any /i-tempered / G L 2 (X), we have WF ^S^QJIQ^L^u)/) C T° + nW, 
therefore by Lemma 4.4 we have W¥ h {TZ{u)S{u)QiYlQ 2 d^L 22 {uj)f) flW C T + . It 
follows that p' G r+. Since (p',p) G WF fc (QiII(l - Q 2 )), we see that p' = p G 
However, then p G WF/ l (Qi) DWF/ l (l — Q 2 ), which is impossible since Q 2 = l + 0(h°°) 
microlocally near WF/ l (Qi). □ 



In this section, we establish an asymptotic expansion for contour integrals of the 
logarithmic derivative of the determinant F{uS) of the effective Hamiltonian of the 
Grushin problem of §9, defined in (9.25). By Proposition 9.5, this reduces to computing 
contour integrals of operators of the form 117?. (a;), where II is the projector constructed 
in Theorem 3 in §7.1. This in turn is done by approximating lZ(u) microlocally on 
the image of II by pseudodifferential operators, using Schrodinger propagators and 
microlocalization in the spectral parameter established in §8.4. 

We operate under the pinching condition (1.7) of Theorem 2, namely z/ max < 2z/ min , 
and choose e > such that z/ max + e < 2(z/ min — e). Take x £ Co°( Q; o, «i) with a 0) a i 
from (4.1). Consider an almost analytic extension x(u) °f Xi that is \ G C°°(C) such 
that x\w = X an d dcxiu) = 0(\ lm(jj\°°). We may take x such that supp(x) C {Re a; G 
(a ,ai)}. 



bZ 22 {lxl) 



1 - Q1HQ2 ~ Q 1 UQ 2 S(u)H(u)S(u)Q 1 UQ 2 . 



(9.28) 



4-V = - Tr(7e 22 (a;)- 1 a u ,L 22 (a;)) + 0(h°°). 
b [u) 

By (9.28), it then suffices to prove that 

Tr(g x n(l - Q 2 )S{u)H{u})S{u})Q 1 UQ 2 d u L 2i (u})) = 0(h°°). 




10. Trace formula 
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The main result of this section is 
Proposition 10.1. Take 

V- G - (/', 



mm c I j 



, I/+ G 



^Ynin £ 



> Co 



Lei -F(o;) be defined in (9.25) and put 



2j := (27T/1)"- 1 / 
Jh 



lmu)=hu± 



d u F(u) 
F(oj) 



dcj. 



(io.i) 



(10.2) 



Then, with dVol CT = cr^ /{n— 1)! i/ie symplectic volume form, 



i: 



2m / x(p)^Vol a +C(/i). 



(10.3) 



Remark. More precise trace formulas are possible; in particular, one can get a full 
asymptotic expansion in h of each of Zj. For simplicity, we prove here a less general 
version which suffices for the analysis of §11. 

The key feature of the expansions for the integrals (10.2), which produces a nontrivial 
asymptotics for resonances in Theorem 2, is that the principal part of 1^ depends 
on the sign of ±. The reason for this dependence is the difference of directions for 
propagation in the resolvent approximation of Proposition 10.2 for the two cases; 
this in turn is explained by the difference between (8.39) and (8.40), which is due to 
the difference of the signs of the 'commutator' Z + between (8.34) and (8.35). 

We start the proof by using Proposition 8.8 to replace lZ(u) in the formula for 
d u F(u)/F (u) from Proposition 9.5 by an operator TZ^(u) obtained by integrating the 
Schrodinger propagator e - l K p -u)/h over a bounded range of times t. 

Proposition 10.2. Fix ip G Cq°(R) such that ip = 1 near zero. For ugC, define the 
operators Ki(u) : L 2 (X) -»■ L 2 (X) by 



D is(P—ui 



)/h i){s) ds; 



oo 
oo 



Js(P-u 



s) ds: 



Then, if supp ip is contained in a small enough neighborhood of zero, 



X: 



■(2irh) 



n-l 



Tr / x(co)(l -Q 1 UQ 2 

J lvnui=hv± 

-Q 1 Tl^(uj)UQ 1 UQ 2 )d UJ L 22 (uj) du + 0{h°°). 



(10.4) 
(10.5) 



(10.6) 
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Proof. We concentrate on the case of Z+, the case of X~ is handled similarly, us- 
ing (8.40) in place of (8.39). We denote u> = a + ihu + , where a G (a , a\). By part 3 
of Proposition 9.5, it suffices to prove the trace norm bound 



x(u))Q x (J\S(u)K{u3)S{u) - TZ+(cj)U)Q 1 UQ 2 d tJJ L 22 (ij) duj 

Imaj=/iiA|_ 



0{h c 



Tr 



Since the operator on the left-hand side is compactly supported and microlocalized 
away from the fiber infinity, it is enough to prove an estimate of the L 2 — > L 2 operator 
norm instead of the trace class norm. Take arbitrary /^-independent family / = f(h) G 
L 2 (X) with ||/|| L 2 < 1 and put 

f(a) := x(u)QiRQ2d„L 22 (u)f, u{a) := S(u)TZ(u)S(u)f(a). 

Then f(x,a) is compactly supported in both x G X and a G (a ,ai), \\f\\L°°L 2 is 
polynomially bounded in h, and WF fe (/(a)) C T + n W. Since TZ(cu) n , 2 ^ ni = 0(h~ 2 ) 
by Theorem 1, we see that u(a) G T-L 2 is compactly supported in a G (a , oti) and the 
norm ||w||l^z,2 is bounded polynomially in h. Using Lemma 4.4 similarly to §8.1, we 
see that u, f satisfy (8.3)-(8.6), uniformly in a. 

It now suffices to prove that for each choice of /, independent of a, we have 

Oil 

Qi(Uu(a) - R^(u)Uf(a)) da = 0(h°°) L 2. (10.7) 



Define the semiclassical Fourier transforms u(s),f(s) by (8.38). Then (10.7) becomes 

Qx(nu(0)-^J e is{p - ihu+)/h ij(s)Uf(s)ds^ =0(h°°) L 2. (10.8) 

By (8.41) and Proposition 3.1, we find microlocally near W', 

Uu(0) = - / e is{p - ihu+)/h (i)(s)Yif(s) - M'(s)Uu(s)) ds + 0(h°°). (10.9) 
h J-oc 

Take e > such that ■0 = 1 near [— i, e], so that ip'(s) is compactly supported in {\s\ > 
e}. Since x( w ) an d d^L^co) depend smoothly on a, we see that || || ig= _l| = 
0(h~ 1 / 2 ) for all j. By repeated integration by parts, we get 

\\f{s)\\^^ )L% =0{h^). 

Then by (8.39), Uu(s) = 0(h°°) microlocally near W locally uniformly in s G 
(-oo,-e], and thus Q ie iS ( p -^+^rK(s) = 0{h°°) L 2 uniformly in s G (-oo,0] n 
supp ■?/>'. By (10.9), we now get (10.8). □ 

Now, note that, since the expression under the integral in (10.6) is almost analytic 
in u, we can replace the integral over Imw = hv± by the integral over the real line, 
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with an 0(h°°) error. Then 

X- - 1+ = (2nh) n - 1 TrA x + 0(h°°), 

A x := [ x{ot)d a L 22 {a)Q 1 {Kl{a)-K+{a))11Q 1 ILQ 2 da. 
Jr 

Proposition 10.1 now follows from Proposition 6.7, the fact that WF h{A x ) C W x W, 
and the following 

Proposition 10.3. The operator A x lies in / C omp(A°) and its principal symbol, as 
defined by (6.30), satisfies a\(A x ) o j K = 2irix(p), with jx '■ K° — > A° defined in (6.2). 

Proof. Given the multiplication formula (6.31), the fact that cr{Q\) = o~{Q 2 ) = 1 and 
o~ \ (II) o j K = 1 on K fl p _1 ([«o, «i]) and suppx C («o,ai), it is enough to prove the 
proposition with A x replaced by 

A\:=- % - [ e- isQ/h x(a)9 a L 22 (a)g ie isP/ V(s)^a. 

h JR2 

Denote C(a) = x{ a )9 a L 22 (a)Qi, it is an operator in / comp (A°). By applying a mi- 
crolocal partition of unity to C(a), we may reduce to the case when both £(a) and 
e %sP/h ^g^yg i oca i parametrizations (see (3.3) for the first one and for example [Zw, 
Theorem 10.4] for the second one) 

C(a)u(x) = (2nh)- {N+n)/2 [ e^ {x ' y ' 9) a(x, y, 6, a; h)u(y) dyd6, 
e lsP/h u{y) = (2nhy n [ e^ s{y ^ s) ~ z<) b{y, (, s; h)u{z) dzd(. 

JR 2n 

Here S(y, (, s) = y ■ ( + sp(y, () + 0(s 2 ) and b(y, (, 0; 0) = 1. Then A' x takes the form 
A' x u{x) = -ih- 1 ^)-^ 3 ^ 2 [ e m*>y>o)+s(y,C,s)- z <-sa) 
a(x, y, 9, a; h)b(y, (, s; h)ip(s)u(z) dyd9dzd(dsda. 

We now apply the method of stationary phase in the y, (, s, a variables. The stationary 
points are given by s = 0, a = p(z, Q, y — z, £ = — d z &(x, z, 6). We get 

A' x u(x) = -2m(2nhp N+n)/2 [ e^ x > z > e) c(x, z, 6; h)u(z) d6dz, 

JR N + n 

where c is a classical symbol and c(x, z, 9; 0) = a(x, z, 0,p(z, —d z &(x, z, ()); 0). It fol- 
lows that A' x G / CO mp(A°) and a A (A' x )(p-, p+) = -27ri<7 A (£(p(p-)))(p-, p+). By (9.4), 
o~a (L 22 (a) )(p,p) = p(p)—a+l whenp G KC\p~ l ([a Ql oc\]), and thus o- A (d a L 22 (a))(p, p) = 
— 1. Therefore, we find a\(A')(p, p) = 2nix(p(p)) for p G K. □ 
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\rauj 



V-h - 







Re a; 




Figure 6. The contour dQ(h) (in blue). The horizontal shaded region 
is {Imu G (— (iVax + e )h/2, —(vmin — e )h/2)}, where Theorem 1 does 
not provide polynomial resolvent bounds; the vertical shaded region is 
the support of x- 



11. Weyl law for resonances 



In this section, we prove Theorem 2, using the Grushin problem from §9, the trace 
formula of §10, and several tools from complex analysis. The argument below is quite 
standard, see for instance [Ma, Sj97, SjOl], and is simplified by the fact that we do not 
aim for the optimal O(h) remainder in the Weyl law, instead carrying out the argument 
in a rectangle of width ~ 1 and height ~ h. For more sophisticated techniques needed 
to obtain the optimal remainder, see [SjOO]. 

First of all, by Proposition 9.5, resonances in the region of interest are (with mul- 
tiplicities) the zeroes of the holomorphic function F(u) defined in (9.25). Take c/ ' G 
(ao,a' ), a" G (a[,ai). Fix v± satisfying (10.1) and let denote the set of 

zeroes (counted with multiplicities) of F(u) in the region (see Figure 6) 

fl(h) := {Reu G [oc'q, a'[\, Imw G [v-h, u + h}} 

By part 2 of Proposition 9.5 and Jensen's inequality, see for example [DaDy, §2], we 
have the polynomial bound, for some N, C, 

M{h) < Ch~ N . (11.1) 

By a standard argument approximating the indicator function of [a ; , a[] by smooth 
functions from above and below, it is enough to prove that for each x £ Co°( a o, ai), 

M(h) 

{2uh) n - 1 V x(Re^) = / X (p)dVo\ a +0(h). (11.2) 

3=1 JK 

Let x(cu) be an almost analytic continuation of x, as discussed in the beginning of §10. 
We may assume that suppx C {Re a; G (a'^a")}. 
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By Proposition 10.1, we have (with the integral over the vertical parts of dQ(h) 
vanishing since x = there) 

^T^t xM%Pr^= [ x(p)dVol (T +0(h). (11.3) 

By Lemma a in [Ti, §3.9] and the exponential estimates of part 2 of Proposition 9.5 
(splitting the region Q(h) into boxes of size h and applying Lemma a to each of these 
boxes, transformed into the unit disk by the Riemann mapping theorem), we have for 
some fixed N, 

f) F( \ M(h) 1 

b y^l t=l u ~ Uj 

Applying Stokes theorem to (11.3) (over the contour comprised of dQ(h) minus the 
sum of circles of small radius r centered at each Uj, and letting r — > 0) we get 

(2ich) n ~ 1 VxN= I X(P) dVol a - {2 ^ r 1 [ ^Md^dOAdu + Oih). 
t~f Jk 2 ™ Jn(h) 



Since x is almost analytic and Q(h) lies 0{h) close to the real line, we have d Q x(u) = 
0(h°°) for uj G Q(h). Therefore, the second integral on the right-hand side is 0(h°°) 
and we get 

M(h) 

(2nh) n - i y2x(u J )= / X (p)dVo\ a +0(h). 

3=1 JK 

Since x(w) = x0^ euJ ) + ®{h) f° r w £ £l(h), we get 

M(h) 

{2-nh) n - 1 V x(Re^) = / xip)dVo\ a +0(h(l + h n - 1 M(h))). (11.4) 

3=1 JK 

Since one can take x to be any compactly supported function on (a , «i), and M{h) = 
0(h~ N ) for some fixed N and any choice of (qq, a"), by induction we see from (11.4) 
that M(h) = 0{ hl ^ n ). Given this bound, (11.4) implies (11.2), which finishes the 
proof. 

Appendix A. Example of a manifold with 

r-NORMALLY HYPERBOLIC TRAPPING 

In this Appendix, we provide a simple example of an even asymptotically hyperbolic 
manifold (as defined in §4.4) whose geodesic flow satisfies the dynamical assumptions 
of §5.1 and the pinching condition (1.7), therefore our Theorems 1-4 apply. This 
example is a higher dimensional generalization of the hyperbolic cylinder, considered 
for instance in [DaDy, Appendix B]. 
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The resonances for the provided example can be described explicitly via the eigen- 
values of the Laplacian on the underlying compact manifold N, using separation of 
variables. However, our results apply to small perturbations of the metric (see §5.2), 
as well as to subprincipal perturbations in the considered operator, when separation 
of variables no longer takes place. 

Let (N, g) be a compact n — 1 dimensional Riemannian manifold (at the end of 
this appendix, we will impose further conditions on g). We consider the manifold 
M = R r x N e with the metric 

g = dr 2 + cosh 2 r g{9, d6). 

Then M has two infinite ends {r = ±00} ; near each of these ends, one can represent 
it as an even asymptotically hyperbolic manifold by taking the boundary defining 
function x = e Tr : 

9 = -^r + — 7^ — 9\0, de )- 



x 



Ax 2 



The resonances for the Laplace-Beltrami operator on M therefore fit into the frame- 
work of §4.1, as demonstrated in §4.4. The associated flow e tHp is the geodesic flow 
on the unit cotangent S*M, extended to a homogeneous flow of degree zero on the 
complement of the zero section in T*M. 

We now verify the assumptions of §5.1. If £ r , £0 are the momenta dual to r, 9, then 

p 2 = ^ + cosh- a rr 1 (^6) > 
where g~ x is the dual metric to g, defined on the fibers of T*N. We then have 

H p r = — , H p ^ r = — tanhr. 

p p 

The trapped set K and the incoming/outgoing tails Y± are given by 

r± = {£ r = ±p tanhr}, K = {r = 0, £ r = 0}, 

or strictly speaking, by the intersections of the sets above with the set IA from (4.21). 
Consider the following defining functions of r_|-: 

<P± — £r T P tanh r, 

then <£>_}| ^ = 2p and thus assumptions (1) and (2) of §5.1 are satisfied. Next, 

H„(p± = =Fc±</?±, c± — 1 ± — tanhr. 

p 

In particular, c±\k = 1 and, arguing as in the proof of Lemma 5.1, we get 

^min ^max 1 • 

In particular, the pinching condition (1.7) is satisfied. 
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Finally, in order for the r-normal hyperbolicity assumption (3) of §5.1 to be satisfied, 
we need to make /i max *C 1, with /v ax defined in (5.3). This is a condition on the 
underlying compact Riemannian manifold (N,g), since /i max is the maximal expansion 
rate of the geodesic flow of g on the unit cotangent bundle S*N. To satisfy this 
condition, we can start with an arbitrary compact Riemannian manifold and multiply 
its metric by a large constant C 2 ; indeed, if ipt is the geodesic flow on the original 
manifold, then ipc~ 1 t is the geodesic flow on the rescaled manifold and the resulting 
/i max is divided by C. 
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